Confidence Set of Persistent Homology
AR (Jisu KIM)

SACIZA R - TR SAH 34, 2023 7+

Imagine a persistence diagram. In the persistence diagram, homological features whose lifetimes (the difference
between death and birth) are short are informally considered to be “noise”, since corresponding holes will be soon
filled out right after they are born. Those features corresponds to points in a persistence diagram lying close to
the diagonal. Meanwhile, homological features whose lifetimes are long are considered to be “signal”; those features
corresponds to points in a persistence diagram lying far from the diagonal. To statistically separate the noise from
the signal and provide statistical interpretation, we use the confidence set (or confidence band). See Figure .

We first recall the confidence set:

Suppose we have a statistical model (i.e. a collection of distributions) P. Let C,, (X1, ..., X,,) be a set constructed
using the observed data Xi,...,X,. This is a random set. C), is a 1 — « confidence set for a parameter 0 if:

PleC,(Xy,...., X)) >1—q.
And an asymptotic 1 — a confidence set for a parameter 6 if

liminf P (6 € Cp(X1,...,Xpn)) > 1 —a. (1)

n—oo

This means that no matter which distribution in P generated the data, the set guarantees the coverage property
described above.

How should C,,(X;,...,X,) be like? A typical way to build the confidence set is to use a ball centered at
your estimator: Let 6 = é(Xl, ..., X,) denote an estimator for #, which is a function of a sample, and let 6, =
On(X1,...,X,) > 0. Sometimes ¢, is computed using bootstrap samples X7, ..., X} as well. Then set

Co(X1,...,X,) = Ba(0,6,),

where By(6,6,) = {0 2 d(0,0) < 5n} is the closed ball centered at 6 and radius 8,,. Then the above coverage condition

becomes

lim inf P (9 c Ed(é,an)) >1—a, 2)
and this is equivalent to
lim inf P (d(é, 0) < 5n) >1-a. (3)
n—oo

In (3), 0, is a random variable that upper bounds d(é,@) with probability (asymptotically) 1 — «, and called
confidence band.

Let X C R be the target geometric structure, and P be a distribution on R? with supp(P) = X. Let X1,..., X,
be i.i.d. samples from P and X = {Xy,..., X, }. For the confidence set of persistent homology, the distance is the
bottleneck distance dp, and §(P) and 6(X) should be appropriate persistent homologies (or persistence diagrams)
of P and X, denoted as D(P) and D(X), respectively. Also see Figure . Then (2) and (3) become

liminf P (D(P) € Ba, (D(X),6,)) > 1—a, (4)

n—oo

where By, (D(X),d,) = {D :dg(D,D(X)) < 4,}, and

liminf P (d(D(X), D(P)) < 8,) > 1 — a. (5)

n—oo

We consider two cases:
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Figure 1: We use the confidence set / band to statistically separate the noise from the signals. In the persistence
diagram (right), points above the pink band are topological signals, while points inside the pink band are noise.
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Figure 2: We use the confidence set / band to statistically separate the noise from the signals. In the persistence
diagram (right), points above the pink band are topological signals, while points inside the pink band are noise.



1. Persistent homologies from Cech complexes and Vietoris-Rips complexes. Let DCga (X) and DCRra(X) be the k-
th dimensional persistence diagrams induced from Cech complexes {H k CechRd (X,r) }r R and {H k C‘echRd (X, r)}
respectively. Similarly, let DR(X) and DR(X) be the k-th dimensional persistence diagrams induced from
Vietoris-Rips complexes { HxRips(X,r)}, ;i and { HyRips(X',7)}, cp, respectively. We would like to find 4, such
that liminf,, o P (dp (DCra(X), DCra(X)) < ) > 1 — e and liminf,,, o P (dp (DR(X), DR(X)) < 6,) >
1—a.

reR’

2. Persistent homologies from the superlevel filtration of kernel density estimator (KDE). Consider the super-
level filtration {p; ' [\, 00)} e then the persistent homology consists of morphisms ™2 Hyp HAg, 00) —
Hyp;, *[Ag, 00) for A; > Ay induced from inclusions p; ' [A1,00) C p; ' [A2, 00). Let D(p1), D(pn), D(p) be the k-
th dimensional persistence diagrams induced from py,, pp, p, respectively, where py, = E [pp,] and p is the density
of P. We would like to know either liminf,, o P (dp (D(pn), D(pr)) < 0,) > 1—aorliminf, o P (dg (D(pr), D(p)) < 6x) -

1—a.

Confidence set of persistent homologies from Cech complexes and Vietoris-Rips com-
plexes
Assume X is compact. Recall the stability theorem for Cech complexes and Vietoris-Rips complexes:
Corollary. For a compact set X C R? and X C X,
dp(DCRra(X), DCra(X)) < dp (X, X).

Hence bounding the bottleneck distance between persistent homologies from Cech complexes and Vietoris-Rips
complexes can be sufficed by bounding Hausdorff distance. In other words, it suffices to find §,, > 0 such that

liminf P (dyg(X,X) <d,) >1—«a.
n— oo

For a distribution P, we assume (a,b) assumption:
Definition. P satisfies (a,b) assumption if there exists rg > 0 such that for all 2 € supp(P) and for all r < o,
P (B(x,7)) > ar®.

Recall that under (a,b) assumption, we have probabilistic bound on the Hausdorff distance between X and X:

Method I: Subsampling.

Subsampling can be used to construct estimators of the quantiles of the distribution that behave well uniformly
over a large class of distributions. The usual approach to subsampling is based on the assumption that we have an
estimator 0 of a parameter 6 such that f(n)(@ — ) converges in distribution to some fixed distribution .J for some
& > 0. Unfortunately, our problem is not of this form. Nonetheless, we can still use subsampling as long as we are
willing to have conservative confidence intervals.

I first explain the usual approach for subsampling for estimating quantiles of the distribution of f (n)(é —0).

Denote by J,(z, P) the distribution of f(n)(0 — 0) at z, ie., Ju(z, P) = P ( F(n)(@—0) < z) In order to describe
the subsampling approach to approximate J,(z, P), let b = b, < n be a sequence of positive integers tending to

7; > Fori=1,...,Ny,, denote by X} , the ith subset of data

of size b. We consider a feasible subsampling-based estimator of the distribution of f(n)(6 — 6) as

infinity, but satisfying b/n — 0, and define N,, = <

N
~ 1 = P A
Lo(@) = 5= 1 (F0)(@(;,) = 0(2) < ).
™ i=1
Theorem ([13, Theorem 2.1, Corollary 2.1]). Let b = bp < n be a sequence of positive integers tending to infinity,
but satisfying b/n — 0. then under the conditions that L, (x) converges to J,(x, P) uniformly over x € Rand P € P,
then

liminf inf P {i;l(al) <fm)@-0) <L '1— az)} >1— i — as,

n—oo PP
for any ay1,a0 >0 with 0 < ay + a < 1.



For our case, we want to estimate the quantiles of the distributions dgy (X, X). We consider a subsampling
estimator of the distribution of dy (X, X) as

and let ¢, = 2L, (1 — «).

Theorem ([13, Theorem 2.1, Corollary 2.1]). Let P be a distribution on R? with supp(P) = X, and assume P
satisfies (a, k) assumption with a,k > 0. Let Xy,..., X, be i.i.d. samples from P, and let X = {X1,...,X,}. Let

Z ) Fori=1,..., Ny, denote by Xf;’b the ith

b=o (%) be a sequence of positive integers, and define N, = (

subset of data of size b. Then,

P (dp(DCra(X), DCra(X)) < ), P (dp(DR(X), DR(X)) < )

> P(du(X,X) <) >1—a+0 ((2)1/4) ,

Method II: Concentration of measure.

Recall the probabilistic bound of Hausdorff distance dg (X, X):

Proposition ([11, Proposition 7.2|[3, Theorem 2|). Let P be a distribution on R? with supp(P) = X, and assume
P satisfies (a,b) assumption with a,b > 0. Let Xy,..., X, be i.i.d. samples from P, and let X = {X1,...,Xp}.
Then there exists tg > 0 such that for all t < tg,

P(dg(X,X) <t) >1—a 't exp(—nat®). (6)
We just solve (6) numerically. Let ¢, («) < to be the solution to the equation
a 1t P exp(—nat®) = a,

then
Pdg(X,X) <tp(a) >1—q.

For making a confidence set based on this, we need to know a and b. b can be estimated as well, but we regard b as
given. For e.g., b can be the dimension of the manifold X. Let r,, be a positive small number, and then we consider
the plug-in estimator of a,

171
~ . b
L =m S5 I(XG € B(Xiyra/2
a in g 7, (X, € B(X;,m,/2))

j=1

Then if r,vanishes at an appropriate rate as n — oo, a,, is a consistent estimator of a.

Proposition ([4, Theorem 5]). Let P be a distribution on R? satisfying that for all x € supp(P) and for all v < r,
ar® < P (B(z,r)) < a'r’.

> 1/(b+2)

Let Xq,...,X, be i.i.d. samples from P, and r, < (k’% Then

an —a = O0p(ry).

We now use a,, to estimate t,(«) as follows. Assume that n is even, and split the data randomly into two halves,
X = X, U X,. Let a, be the plug-in estimator of a computed from &), and define ¢; ,, to solve the equation

a1t exp(—nant®) = o (7)

n



Theorem ([4, Theorem 5]). Let DCga(X2) and be DR(Xy) the k-th dimensional persistence diagrams induced from
Cech complexes or Vietoris-Rips complexes, respectively, with the second halves Xo. Then,

P (dp(DCga(X), DCra(X2)) < t1,n), P (dp(DR(X), DR(X,)) < t1,5)

> P(dp(X,X) <t ,)>1-a+0 ((loi")1/<2+b>) .

In practice, [4] has found that solving (7) for #,, without splitting the data also works well although they do not
have a formal proof. Another way to define #,, which is simpler but more conservative, is to define

ne(s(3)

R 1/b
Then ¢, = u, (1 + O(a,, — a)) where u,, = (L" log (%)) , and so

P(dg(X,X) <t,) =P(dg(X,X) <u,)+ 0 ((loin)l/(%-b)>

> 1-ato((Eew).

Confidence set of persistent homologies from kernel density estimators

Recall that a kernel function K : R? — R is a function satisfying [ K (z)dx = 1.Given a kernel K and a bandwidth
h, the kernel density estimator (KDE) is defined to be

Then the average KDE pj, : R? — R is

o = oo [ (552

Recall the stability theorem for the persistent homology induced from functions:

Corollary. For two functions f,g: X = R, if P(f) and P(g) are g-tame, then

dp(P(f),P(9)) < IIf = 9l -

Hence bounding the bottleneck distance between persistent homologies of p, and pp, can be sufficed by bounding
their infinity distances ||pn, — pn|| . - In other words, it suffices to find d,, > 0 such that

liminf P (||pn, — pall o < 6n) > 1 —cn
n—oo

For topological data analysis, we often fix h: when the goal is to correctly estimate the density p, it is necessary
to have h — 0. However, when the goal is to estimate “topological information” of the distribution P, topological
information carried by pj, is often equivalent to p. For example, suppose the support of the kernel K is supp(K) =
B(0,1). Then when supp(p) = X, then supp(ps) = X" = {z € R? : d(x,X) < h}, (closed) h-offset of X. And we
have already seen that X" and X are homotopy equivalent under suitable conditions. Further, P might not have
the density p but p;, always exists, and then p, — oo if A — 0 but pp, — pp, if h is fixed. Also, the pp’s convergence

_1 _1
nhd nhd

to pp, is much faster if we fix h. See [4, Section 4.4] for more discussions.

to pp is < (when density p exists) while to p is < % + for some constant S > 0, so the convergence



Finite sample band

Lemma ([4, Lemma 9]). Let P be a distribution on R? with supp(P) = X, with X C [-C,C]|%. Let X1,...,X,
be i.i.d. samples from P. Assume that sup, K(z) = K(0) and that K is L-Lipschitz, that is, |K(z) — K(y)| <
Lz —yl|l,. Then

sorva\” nd2h%d
“P\T2K0) )

P([lpn — prll >6) <2 ((Shdﬂ

The proof of the above lemma uses Hoeffding’s inequality. A sharper result can be obtained by using Bernstein’s
inequality; however, this introduces extra constants that need to be estimated.

We can use the above lemma to approximate the persistence diagram for pj,, denoted by D(py,), with the diagram
for pp,, denoted by D(pr):

Corollary ([4, Corollary 10]). Let 6, solve
d
4CLVd o [ moRpy
5,hd+t | P\ Tok2(0)) T

P (dp(D(pn); D(pn)) < 0n) = P ([[Ph = prlloe < 0n) 21—

Then

Asymptotic bootstrap confidence band

A tighter—albeit only asymptotic—bound can be obtained using large sample theory. The simplest approach is the
bootstrap.

First, recall the pivotal bootstrap confidence interval:

et 6 = T(P) and 0, = T(P,) and define the pivot R, = 0, — 0. Let @;71, . ,é;‘l} g denote bootstrap replications

of 0,,. Let H(r) denote the cdf of the pivot:

H(r)=P(R, <7).

ci= (i1 (1= §) - ()

P(HeC)=1-a.

Hence, C7 is an exact 1 — a confidence interval for 6. Unfortunately, computing C? depends on the unknown
distribution H but we can form a bootstrap estimate of H:

Define

Then

A(r)= £ 3 IR, <),

B
b=1

where R}, |, = é:b —0,. Let 75 denote the 8 sample quantile of (R}, ;,..., R}, p). It follows that the 1 —a bootstrap
confidence interval is X X
Con = (B = 1y bn =722 -

For our case, # = p; and 0 = D Let X7,..., X} be a sample from the empirical distribution P,. Then
07 = p;., the kernel density estimator constructed from X7,..., X" . We use the pivot as vVnh? |p, — pp||,, instead
of ||pn — pnll, due to the reason which will be clarified later. Let H(r) denote the cdf of the pivot:

H(r) = P (Vb 5 = pullog <7)
And then we let o1 o
. T (1—-a) . 1 (l-«
C*( h — ( )7ph ( )>7
nhd nhd

where f € (g, h) is understood as g(z) < f(z) < h(z) for all z € R%. Then p € C; if and only if Vnh® ||p, — ppll, <
H'(1-a),so
PpreCr)=1-a.



As above, we form a bootstrap estimate of H:

A6y = L5 1 (v o - | _<7).

b=1

where py, ,, is the kernel density estimator computed from the b-th bootstrap sample X :Eb), ey ,(Lb). And let

B
N 1
Zg ::H—l(l—a):inf{r:BZI(WHﬁS’)_ﬁhH ST) > 1—a}.
b=1 >

Then the 1 — o bootstrap confidence interval is

o (5 2o Za
n — ph_ivah“r‘im .

Theorem ([4, Theorem 12]). Asn — 0o and B sufficiently large with respect to n,

P(dB<D<ph>7D<ﬁh>>s%)zp(muﬁh_ph”mg\/%):l_aw( i)

The algorithm for computing the confidence set C,, can be summarized as below:

1. Given a sample X = {X;,..., X,,}, compute the kernel density estimator py.

2. Draw X* = {X},..., X} from X = {X;,..., X,,} (with replacement), and compute 0* = vVnh? ||p} — pn|| ..
where p; is the density estimator computed using X*.

3. Repeat the previous step B times to obtain 67,...,0%.

4. Compute Z, = inf {r : %Zle 107 <r)>1-— a}.

5. The (1 — «) confidence band for py, is {[)h - \/%,ph + \/%] )

Remark. We have emphasized fixed h asymptotics since, for topological inference, it is not necessary to let h — 0
as n — oo. However, it is possible to let A — 0 if one wants. Suppose h = h,, and h — 0 as n — co. We require that
nh?/logn — oo as n — co. As before, let Z, be the bootstrap quantile. It follows from [10, Theorem 3.4] that

p 7 log n\ (4F9)/(4+24)
~ a d s, @ -1 —
P(dBw(ph),D(ph))s W)zP(vm 1 = pallo < W)—l ato (nh) '

Bottleneck bootstrap

The previous bootstrap confidence band is by bootstrapping on the distance ||pn, — px||,, and by using the stability
theorem. However, more precise inferences can be obtained by directly bootstrapping the persistence diagram. Let
i, be

B
t, = inf {r : éZI (\/ﬁdB(D(ﬁgf)LD(ﬁh)) < r) >1- a} .
b=1

Theorem ([1, Corollary 20]). Let P be a distribution on R? with supp(P) = X, and let X1, ..., X, be i.i.d. samples
from P. Suppose X is a compact manifold with boundary. Let K : R* — R be a kernel function satisfying that
pr = E [pr] is Morse and has finitely many critical points. Then
P (ds(D(pn), D)) < fa ) _y_qio(lan
B\U\Prn), P\Pn)) = NG = NG




Bootstrap Empirical Process of kernel density estimators

Bootstrap empirical process can be used to find a confidence band for a function h(t); that is, we find a pair of
functions a(t) and b(t) such that the probability that h(t) € [a(t),b(t)] for all ¢ is at least 1 — «v. I refer the reader
to [2], Van der Vaart and Wellner [1996], and [9] for more details.

An empirical process is a stochastic process based on a random sample. Let Xq,..., X, be independent and
identically distributed random variables taking values in the measure space (X, P). For a measurable function
f:X =R, wedenote Pf = [ fdP and P,,f = [ fdP, = 2 3" | f(X;). By the law of large numbers P, f converges
almost surely to Pf. Given a class F of measurable functions, we define the empirical process G,, indexed by F as

{Guflrer ={Vn(Pof — Pf)}ser.

£°(F) is the collection of all bounded functions ¢ : F — R, equipped with the sup norm. We say {G,, f}recr
converges in distribution (or converges weakly) to {Gf} cr in the space £>°(F) if, for any bounded continuous
function H : {>°(F) = R, EH({G,f}fcr) = EH({Gf}ser) holds.

Definition (|2, Definition 1.3][9, Section 2.1]). A class F of measurable functions f : X — R is called P-Donsker
if the process {G,, f}ser converges in distribution to a limit process in the space £>°(F). The limit process is a
Gaussian process G with zero mean and covariance function E [GfGg| := Pfg — P f Pg; this process is known as a
Brownian Bridge.

One sufficient condition for Donsker class is to assume bound on the covering number: a set C = {f1,..., fn} is
an e-cover of F if, for every f € F there exists a f; € C such that ||f — fj||L2(Q) < ¢, and the size of the smallest

e-cover is called the covering numberand is denoted by N,(F, L2(Q), €).

Theorem (|2, Lemma 2.3][9, Theorem 2.5]). Let F be an appropriately measurable class of measurable functions
with F satisfying f(x) < F(x) for all f € F with PF? < co. Suppose

1
/ fog up N(F, L), [Fllg)de < o,
0

then F is P-Donsker.

Let Prf=21%" | f(X;) where {X],..., X} is a bootstrap sample from P,. the measure that puts mass 1/n

T n

on each element of the sample {Xy,..., X, }. The bootstrap empirical process G} indexed by F is defined as

{G:f}fef = {\/H(P:f - Pnf)}fe]:-

Theorem ([2, Theorem 1.4][9, Theorem 2.6, Theorem 2.7]). F is P-Donsker if and only if G,, converges in distri-
bution to G in £>°(F).

In words, above theorem states that F is P-Donsker if and only if the bootstrap empirical process converges in
distribution to the limit process G. Suppose we are interested in constructing a condence band of level 1 — « for
{Pf}ser, where F is P-Donsker. Let 6 = sup s z |G, f|. We proceed as follows:

1. Draw X7,..., X} ~ P, and compute 6* = sup;cr |Gy, fl.
2. Repeat the previous step B times to obtain é“f, ey 97‘3

3. Compute Z, = inf {r 5 Zle I(é; <r)>1- a}.
4. For f € F define the confidence band C,(f) = [Pnf — %7 P.f+ ZT%] .

Now we turn to the kernel density estimator. For fixed h > 0, let F = {K, 5, : € X} and F= {f(xh S X}, where

Ko Ko RE = Ris Ky () = K (%57) and K, , = h™9K, . Then it follows that PK, , = pn, PoKepn = ph,

and 0 = SUPg, , eF ‘G,J?Lh‘ = /1 ||pn — pnll - Then, the validity of the bootstrap empirical process is sufficed by

whether F, or equivalently F, is P-Donsker. One sufficient condition is that F is a uniformly bounded VC-class,
which is defined imposing appropriate bounds on the metric entropy of the function class [6, 14, 8]:



Assumption. We assume F := {K, j : € X} is a uniformly bounded VC-class with dimension v, i.e. there exists
positive numbers A and v such that, for every probability measure Q on R? and for every e € (0, |K|.), the covering
numbers N (F, L2(Q), €) satisfy

N(F, 15(Q).€) < (A”K”oo)

€

where the covering numbers is the minimal number of open balls of radius € with respect to Lo(Q) distance whose
centers are in F to cover F.

Note that K, ;(z) < || K|, so this assumption implies

1 1
/0 \/logsgp/\/(]:, La(Q), e[| Fl| g 2)de < /0 Vvlog(A/e)de < oo,

and this implies that F is P-Donsker.
One sufficient condition is to impose uniformly bounded VC class condition on a larger function class,

Flo,o0) = {Ken: © €X,h >0}

This is implied by condition (K) in [7] or condition (K;) in [5], which are standard conditions to assume for the
uniform bound on the KDE. In particular, the condition is satisfied when K (z) = ¢(p(x)), where p is a polynomial
and ¢ is a bounded real function of bounded variation as in [12], which covers commonly used kernels, such as
Gaussian, Epanechnikov, Uniform, etc.

However, this is not equivalent to having that

Fo,o0) = {h Ky v €X,h>0}

is a uniformly bounded VC class. In fact, when we allow h to vary among (0, 00), then .7:'(0,00) is not P-Donsker
anymore.
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