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ORI AY (Martingale)
7F2AI9F T2 MA QL HEhR 25 (Gaussian Process and Brownian
Motion)

SE=E 57H 2 2|H £&(Space of Probability Measures and Optimal
Transport)

DAY &HE: 259| AZ 54 (Probability in High Dimension:
Concentration of Measure)

SE1 7|5} StRAET 25 9l 242l (Probability and Geometry:
Hausdorff measure and dimension)

51 Ui~/ |5k Yo/ 2l, 2kS2tA|Qtnt 2t T4/ 7| otete] AA 1Y
(Probability and Algebra / Geometry: Random Walk, Laplacian, and
relation to Algebra / Geometry of Spaces)

SE U4/ 7 |5t SED # A2, 52 & (Probability and Algebra /
Geometry: Probability and Group Action, Haar measure)

2HE SHE 0|2 (Random Matrix Theory)
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ZHE 71582 (Conditional Expectation)

> E[X]Y] S dLet
s

> o-Cis GOi| st RAL 7|SHEL E[X|G]: G-7F=(measurable) &4+2
Xo| “z|A =4
A

> 72 41 M4, |

1

)
0x
N

, G-7tZ/d(measurable).
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ZHE 71582 (Conditional Expectation)

> (Q,F,P)M X € L', G c FO|HH
> E[X|G]= G-7tZ(measurable) &4 Y2

/YdIF’:/Xd]P’, VG €g.
G G
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OFEIAIY (Martingale)
7tRAI9F T2 M|A QL E2t2 25 (Gaussian Process and Brownian
Motion)

SE=E 57H 2 2|H £&(Space of Probability Measures and Optimal
Transport)

DAY &HE: 259| AZ 54 (Probability in High Dimension:
Concentration of Measure)

SE1 7|5} StRAET 25 9l 242l (Probability and Geometry:
Hausdorff measure and dimension)

S-S0 tis=/7|5h Yo 2, 2tEatA|tat Z2te| tliss/7|stete] A
(Probability and Algebra / Geometry: Random Walk, Laplacian, and
relation to Algebra / Geometry of Spaces)

SE U4/ 7 |5t SED # A2, 52 & (Probability and Algebra /
Geometry: Probability and Group Action, Haar measure)

2HE SHE 0|2 (Random Matrix Theory)
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A
2 (Martingale)
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AL (Martingale) Of|A|

=
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> OiEA[o ZIEH | 3<1|01 —LPeE d

2 0|03,
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Doob 254!

> {X;} |24 OEIAY, p> 10|H

sup X;
t<T

p
L A
< o ogIxll
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» [P-bounded ORI AIY(p > 1)2 a.s. & LPOM - GHCH
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HE7ts’d (Uniform Integrability)

> p=1 T3 1 Yoj2E B2 25 X
Integrability, UI)O| TR,
Al 7K

> UIS 4TI £ ABE s

=7/t5d(Uniform
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HE7ts’d (Uniform Integrability)

> X, Y0l UIo|H

;JTOOS‘;P]E[\XnH{\XHDK}] =0.
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> X, — X a.s.0|2 {X,}0] UIO|%H

lim E[|X, — X|] = 0.
n—o0
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Jt2AI9F T2 MA QL HElR 25 (Gaussian Process and Brownian
Motion)
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7t2AI9F T2 MARE HEl2 2&(Gaussian Process and

Brownian Motion)

> JIAIQ IR HA(GP): S A RHEEI} BE Cpi
HAERo| §L§J-A_}1-|
> HE’"T'__ T'__o Bt I__|
GPe| A& 0.
> 22 HE 37, &FE0[HE(0]
(Black--Scholes), A&28kg - 4t 23 (Deep Learning - Diffusion
Model)

o
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7t A9t I =2 M| A (Gaussian Process)

> Z2MA {Xier?t Y2 1y, ..., t, € TO|| CHSH

> (Xf17"'7th) NN(ma K)

> O|FH 7} A|QF T2 M|A (Gaussian Process)2t SHCE O 7| A
mj = E[Xti], K’J = COV(XtI., th)
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Hel2 & (Brownian Motion)

> T2MA {B:}i>0?t TS MI7HA|E B
» By=0a.s,

> Hh< - < t,,0|@ B(to),B(tl) - B(T0)7 7B(t") -
(BI12 £9),

[EEE =)

» B.— B ~N(0,t—s) (0<s<t)

17 /40



=L 57H Y 2|4 £4(Space of Probability Measures and Optimal

— — = =

Transport)
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SHE2E B U 2| £5(Space of Probability Measures

and Optimal Transport)

MZI5IH o™ 0|A0| QU=2| LOoH2Ct

> i}%éE%QI ‘g—?_l'% oA
> _%l?H—/F%(Optlma Transport): P — Q2 §7|= HI& Z|&3t3IC,

g2z 27t0] 7{2] W,2 Z0f 7|5}8H
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Wasserstein distance= 6tLIS| StHEEXE CIE
SEFEZ F/|= Holl 8|E0| oLt E=A4
AlLFL T

» Kantorovich 2| 4

Wy(P.Q) = _inf [ d(x.ypdn(x.).
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Wasserstein distance= 6tLIS| StHEEXE CIE
SEFEZ F/|= Holl 8|E0| oLt E=A4
AlLFL T

| 4
W, (P = inf d(x, y)Pdn(x,y).
(P, Q) WEH(P’Q)/ (x,y)Pdm(x,y)
> p =12 Uff Earth Mover distance2t 1= EELICH: 2 FAHM
THE HR= o B2t =sHAS SELC
e O
[ X + red distribution: “dirt”
- . - * blue distribution: “holes”
o]

\V4

o

The distance between points (ground distance) can be Euclidean distance, Manhattan... 1

Toe, "o%s Wer @es 9>
¥ ¥ - -

1 https://anebz.eu/earth-mover-distance
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D219 &5 29| 2F 34 (Probability in High Dimension:
Concentration of Measure)
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D] BHE: 25 9| 22514 (Probability in High
Dimension: Concentration of Measure)

23 /40



Levy2| EZ2E2|(Lévy's lemma)

» f:5""1 5 RI} 1-LipschitzO| 2 S}t med(f)0]| CHSH

P(If(U) — med(f)| > €) < 2exp ( - (”_22)52)7

07|M U ~ Unif(S"1).
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Talagrand F&4!(Talagrand inequality)

> Zy,...,Z, ~N(0,1)0|22 f : RY — R} 1-LipschitzO|H St
med(f)Of| CHsH

P(|f(Z,...,2Z,) — med(f)] > ¢) < 2exp(— 7)
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SE1 7|5} ot RAET =& 9l X (Probability and Geometry:
Hausdorff measure and dimension)
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SIRAEET =& 4l X} (Hausdorff measure and

dimension)

> SIRALEI =L (Hausdorff measure): 28|
measure) 2 2 L5 | 2| U= 272 RIEH|

> CHEA|(manifold)2] @Y =& (uniform measure)E A2|5t7| 743
£|2 BAI0| StRAE 2T =& (Hausdorff measure)
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SIRAEET =5 (Hausdorff measure)

> ECR" §> 00]| CHal
> H5(E) = inf{zi(diam U): Ec
U, Us, diam U; < 5}, H(E) = limsyo H5(E).
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dimH(E) =

2} (Hausdorff measure dimension)

inf{s :

H*(E) =0} =sup{s:

H*(E) = oo}.
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51 Ui~/ |5k Yo/ 2l, 2FS2tA| bt 2t T4/ 7| otete] HAAIY
(Probability and Algebra / Geometry: Random Walk, Laplacian, and
relation to Algebra / Geometry of Spaces)
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Yo, 2tSetA|ehit S0 B/ 7 [otete| HA S
(Random Walk, Laplacian, and relation to Algebra /
Geometry of Spaces)

> TIeiI/CHEA| A 22| E & (Random Walk)2 @ SE3 At
> 2tZ2tA|Qt(Laplacian)2 & 2
7|5t

St
=] oy T
> JRHI/CiH(o) Ch4/7|5t R0t 1HO| U
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ol alint C4~/7|5t2te| HA4A (Random Walk and
relation to Algebra / Geometry of Spaces)

> Z12HZ 6 = (V,E)0M & | & (random walk)2 0|3 &

o 1((u, V)EE Z45HL
> = 2[5t M%*E d2 ZFOf 22 = 28t M= G5 22 Y= =+
QCt (A drunk man W||| find his way home, but a drunk bird may get
lost forever): R, R?2| QIO|E &2 2 7|(recurrent)O| 2| 2F R32 A|

(transient) @ L|C.

r
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2t=2tA| Ot T~/ 7| 5tete| H A (Laplacian and
relation to Algebra / Geometry of Spaces)

> 2T G = (V,E)0|M 2t=2tA|Q(Laplacian)2 L=/ - P E£&=
L=D—-W.
> 2tSetAIHE eI /TR 2|af 2ot HZEO| &L T
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EE0 CH4/7|5t: &E0F o 22, 5t2 £ % (Probability and Algebra /
Geometry: Probability and Group Action, Haar measure)
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SE o 28, 5t= =% (Probability and Group Action
(Ergodic Theory)2| 7|2

e

Haar measure)
23g wye
[
O] §"~10i| A

> = 22 (Group Action)£ 0f
S
> St=(Haar) Sk & 210 =¥ =
Zp) ~ N0, T 7
A= 29 & JsHCo
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> 7 =(2y,..
(uniform distribution)



SE o 28, o5t= =& (Probability and Group Action,
Haar measure)

A2 .G x X=X, (g,x)— g -x: SH 0 Tl e- x = x,

v

2(Haar) 2& u: BE 712 E9} g € GOI| THal u(gE) = w(E).
S5t 27 510l| 512 (Haar) S & A4S AQISHH U

v
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UL 7|42k (Conditional Expectation)

OtEIAIY (Martingale)
7t2AI0F T2 AL} HEl2 & (Gaussian Process and Brownian
Motion)

SE=E 57H 2 2|H £&(Space of Probability Measures and Optimal
Transport)

Izt &5 29| 2F 34 (Probability in High Dimension:
Concentration of Measure)

SE1 7|5} StRAET 25 9l 242l (Probability and Geometry:
Hausdorff measure and dimension)

shE tise/7|oh Y2, etSetAltat S2te| tia/7|stetel Al
(Probability and Algebra / Geometry: Random Walk, Laplacian, and
relation to Algebra / Geometry of Spaces)

250} Cj4~/7|5}: &} o+ 28, 52 & (Probability and Algebra /
Geometry: Probability and Group Action, Haar measure)

e M O|2 (Random Matrix Theory)
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SH 2t 2 (universality)

, SAI(PCA), £=2($\zeta$

=}
=
$9|

o7

| g

Y SA2te
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Marchenko-Pastur 2!

> HIE v =limp/ne (0,00)0|H BE ZEAS, = 1xXT2| A
2X= MP,Of A25{0 22)= (( (

—
|
3
o N
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