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1 Review

1.1

Basic Model for Supervised Learning
Input(Qel) / Covariate(dH W) : 2 € RY so o = (11,...,74q).

Output(&3) / Response(§-8 HS): y € V. If y is categorical, then supervised learning is “classification”,
and if y is continuous, then supervised learning is “regression”.

Model(29) :
y= f(z).
If we include the error € to the model, then it can be also written as
Yy = ¢(f(x)a 6)'
For many cases, we assume additive noise, so
y=f(z)+e

Assumption(7}4): f belongs to a family of functions M. This is the assumption of a model: a model can be
still used when the corresponding assumption is not satisfied in your data.

Loss function(£4 &4): £(y,a). A loss function measures the difference between estimated and true values
for an instance of data.

Training data(Stg At&): T = {(yi, %i),¢ = 1,...,n}, where (y;, ;) is a sample from a probability distribution
P;. For many cases we assume i.i.d., or x;’s are fixed and y;’s are i.i.d..

Goal(Z4]): we want to find f that minimizes the expected prediction error,
0 .
= E ~p LY, f(X))].
f arg;}ggjg (Y,X) P[ (Y, f( ))}

Here, F can be different from M; F can be smaller then M.

Prediction model(¢]& ®d): fO is unknown, so we estimate f° by f using data. For many cases we min-
imizes on the empirical prediction error, that is taking the expectation on the empirical distribution P, =
LS

n Lui=10(Yi,Xi)

f = s i, (00, £00)] = angpin - D (05 /(X0

Prediction(9): if f is a predicted function, and z is a new input, then we predict unknown y by f (z).
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1.2 Rademacher complexity

Random variables &1, .. ., &, are called Rademacher random variables if they are independent, identically distributed
and P(¢; = 1) =P(§; = —1) = 1/2. Define the Rademacher complezity of F by

Rad,(F) = E <Sup (i Zfif(@))) :

feF

You can use either one. They lead to essentially the same results. In fact, under mild condition, two Rademacher
complexity are closely related, as below:

Some authors use a slightly different definition, namely,

n

%Zfif(zi)
i=1

Rad,(F)=E <sup
fer

Lemma 1. Let § = (&1,...,&,) be i.i.d. Rademacher. Suppose that for any & € {+1}", sup;cz >0 & f(Zi) > 0.
Then

n

1
- ;fif(zi)

Z| < 2K, Z|.

feFr

1 n
E¢ | sup sup — » & f(Zi)
Proof. Left as HW. O

Intuitively, Rad,,(F) is large if we can find functions f € F that “look like” random noise, that is, they are highly
correlated with o1, ..., 0,. Here are some properties of the Rademacher complexityd

Lemma. (a) If F C G then Rad,(F,Z") < Rad, (G, Z").
(b) Let conv(F) denote the convex hull of F. Then Rad, (F,Z"™) = Rad, (conv(F), Z™).
(¢) For any c € R, Rad,,(¢F,Z") = |c|Rad,,(F, Z").
(d) Let g : R — R be such that |g(y) — g(x)| < L|x — y| for all x,y. Then Rad,(go F,Z™) < LRad, (F,Z").
(e) Suppose {Fi},c; satisfies 0 € F; for each i € I. Then Rad,,(U;c; F,Z2") < > ;e Radn(Fi, Z7).

1.3 Two Layer Neural Networks

A two-layer neural network takes an input vector of d variables © = (x1, 2, ..., z4) and builds a nonlinear function
f(x) to predict the response y € R”. What distinguishes neural networks from other nonlinear methods is the
particular structure of the model:

fl@)=fo(z) =g | Bo+ Y Biob;+w z)|,

j=1
where z € R?, b; e R,w; € R?, B, € RD,ﬁj € RP. See Figure
o 0 ={[B,a;,b;,w;]:j=1,...,m} denotes the set of model parameters.
® z1,...,x4 together is called an input layer.
o Aj=0j(zx)=0(b; + w;rx) is called an activation.

e Ay,..., A, together is called a hidden layer or hidden unit; m is the number of hidden nodes.

f(x) is called an output layer.

e ¢ is an output function. Examples are:

— softmax g;(x) = exp(z;)/ Zfil exp(x;) for classification. The softmax function estimates the conditional
probability g;(z) = P(y = i|z).
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Figure 1: Neural network with a single hidden layer. The hidden layer computes activations A; = o;(z) that are
nonlinear transformations of linear combinations of the inputs x1,...,z4. Hence these A; are not directly observed.
The functions ¢; are not fixed in advance, but are learned during the training of the network. The output layer is
a linear model that uses these activations A; as inputs, resulting in a function f(z). Figure 10.1 from [4].

— identity/linear g(x) = x for regression.
— threshold g;(z) = I(z; > 0)
e o is called an activation function. Examples are:
— sigmoid o(x) = 1/(1 4+ e™*) (see Figure [2)
— rectified linear (ReLU) o(x) = max{0,z} (see Figure
— identity/linear o(x) = x

— threshold o(x) = I(x > 0), threshold gives a direct multi-layer extension of the perceptron (as considered
by Rosenblatt).

Activation functions in hidden layers are typically nonlinear, otherwise the model collapses to a linear model. So
the activations are like derived features - nonlinear transformations of linear combinations of the features.

1.4 Multi Layer Neural Networks

Modern neural networks typically have more than one hidden layer, and often many units per layer. In theory
a single hidden layer with a large number of units has the ability to approximate most functions. However, the
learning task of discovering a good solution is made much easier with multiple layers each of modest size.

A deep neural network refers to the model allowing to have more than 1 hidden layers: given input € R? and
response y € R”, to predict the response y. K-layer fully connected deep neural network is to build a nonlinear
function f(z) as

e Let m® =d and m¥) =D
e Define recursively
2O =z (ze Rm(o))
(k) (
o (b;
f ( ) = g(a

(k—1)

b eR™Y . k=1, K.

k)+( (k))T (k— 1)), ,wy@),m(k—l) cR™
).

o 0= {[bg-k),w§k)] ck=1,...,K,j=1,...,m®} denotes the set of model parameters.

e m) is the number of hidden units at layer k.
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Figure 2: Activation functions. The piecewise-linear ReLU function is popular for its efficiency and computability.
We have scaled it down by a factor of five for ease of comparison. Figure 10.2 from [4].

2 Notation and Goal

From here, we only consider regression problem, so g(x) = z. We assume Sy = 0 and b; = 0.

For the multi-layer neural network, for k = 1,..., K, write W}, € R xmEY o i th row of Wy is (w§k))T, ie.,
k
(wi)T
W, = : e g xm®V
k
(wint) T

And for k = 1,..., K — 1, write oy : R™™ 5 R™™ be a multivariate activation function. For example, for a
univariate activation function o, oy can be set as o (21, ..., 2,m0) = (c(z1),...,0(Z,w®)). And let ox == g. Now,

assume bg.k) =0for k=1,...,K, and g = id. Then K-layer neural network can be described as

fo(x) = ox(Wgox 1(Wg_1--ar(Wiz)--)).
Or inductively,
f(go)(gj) =z, fék) (.T) — O,k(kae(kfl)(x))’ f@(-’ﬁ) _ f@K<$)

We impose the condition that ||Wy|| < B for each k, where ||-|| is an appropriate matrix norm. Hence, for K-layer
neural network, the function space we consider is féK), with 7" = {id} and

FO = {1 10 @) = onW gtV (@)), 15570 € FED wil < B

Suppose the true regression function f, is in a function class M, so

y =~ fu(z), fv €EM.

Suppose are using the ¢5-loss, so we find f among deep neural network class F that minimizes the expected risk
(BA9),
0 . 2
=argminE ~ — f(x .

f gfef (Y,X)~P [(y f( )) }
fo is the expected risk mimizing function (%)% % 43H4). And we estimate fO by f using data by minimizes
on the empirical risk (B H$H) on training dataset, so

n

f= aurgminl Z(yl — flxy))2

F
fermn i=1
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Figure 3: Diagram representing the learning procedure, the three main paradigms and their corresponding errors.
Figure 2 from https://dcn.nat.fau.eu/breaking-the-curse-of-dimensionality-with-barron-spaces/.

fis the empirical risk mimizing function (7 & 913 2] 4-3t). And we set f be the approximation of f by optimization (%]
ZS}H); f is the learned function (Sh54¥ o).
So there are three sources of errors: approximation error, generalization error, and optimization error. See

Figure
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3 Matrix norm, Sampling in Hilbert spaces, and basic Rademacher-
covering relationship

For a matrix M, the norm [[M]|, . for b,c > 1 means that, by letting M) be j-th column of M, then first apply
b-norm to columns, and then c-norm to resulting vector, i.e.,

1/c /b 1/e
Il = | 3 ||| > (Z Mij>

j i

Frobenius norm || M| is ||M]|, o, i.e.

1/2
2
IM][ = | D 1M1
0,J
For ¢ > 1, the operator norm is defined as
HMJ?II
M|, = = sup |[[Mal,.
” H xHxH =1

Suppose p = EV where a random variable V' is supported on a set S. A natural way to ¢ s1mphfy 1 is to instead
consider V := ~ ZZ 1 Vi, whre (Vi,...,Vy) are sampled i.i.d.. We want to argue V =~ yu; since we’re considering a
Hilbert space, we’ll try to make the Hllbert norm H w— VH small.

Lemma 2. Let p = EV be given, with V supported on S, and let (V1,...,Vn) be i.i.d. draws from the same
distribution. Then

LI EIVIE _ supyes U112
Ev,,. . vyt — N;Vi < N < N ,
and moreover ther exist (Uy,...,Un) in S so that
P &P P &
W= NZUZ‘ <Ev,,. vy NZVl
i=1 i=1



https://dcn.nat.fau.eu/breaking-the-curse-of-dimensionality-with-barron-spaces/

Proof. Let (Vi,...,Vy) be i.i.d. as stated. Then
L 2 2
-< ) Vi
=, ;

Ev,...vy =Ev,,. . vx

1 N
*ZV—M)

N
:]EV1 VNN2 Z|‘/’L7ﬂ”2+z<‘/liiu‘7‘/]7/£>
i=1 i#)

1
By IV - ul

=&y (IVIP - )

= VN = N

N

2.
N Vil (“Prob-

N
i=1

2
To conclude, there must exists (Uy,...,Uy) in S so that Hu - = il <Evwy,..vy Hu - %

abilistic method”)

Proposition 3. Given U C R™,

(325 ( Zm)) <inf (=4 (suplall, ) y/21oe N (@ UL 1))

Proof. Let € > 0 be arbitrary, and suppose N (e, U, ||-||,) < co. Let V' be the minimal cover, and V(a) be its closest
element to a € U. Then

E sup ( Z&al> = %E 51618 (&,a—V(a)+V(a))

aclU

- %Esup (& a) + el la = V(@)])

€
< GEap (Z%) v

1 €
< — | sup|la > 2log |V + —
+ (suplal,) V208 TV +
1 €
< — | sup|a > 2log|V|+ —
+ (sup el 71+

O

4 Generalization error for multi layer network, Radamecher complexity

We will give one Rademacher complexity bound, obtained by inductively peeling off layers. This will depend on
HWiTH1 - This bound has a pretty clean proof, and appeared in 2].

4.1 First “layer peeling” proof: (1,00) norm

Theorem 4. Let L-Lipschitz activations o; satisfy 0;,(0) =0, and

F={f: 1@ = oxWioka(--or(Wiz)---)

ie., F = F) with the norm (Wil = HWkTH1 - Then

Wil < B},

Rad(F,Z) < || Z]|y . (2LB)*\/2logd.



Remark 5. Many newer bounds replace ||W,;'— || with a distance to initialization. (The NTK is one regime where this
helps.)

(LB)¥ is roughly a Lipschitz constant of the network according to co-norm bounded inputs. Ideally we’d have
“average Lipschitz” not “worst case”, but we’re still far from that.
The factor 2% is not good and the next section removes it.

We'll prove this with an induction “peeling” off layers. This peeling uses Lemmal[I.2] which collects many standard
Rademacher properties.

Proof. Let Fj, be the collection of functions computed by each node in kth layer, i.e.,
Fi= {0 R SR P e FP =1, m® |
—{a s oaumifd V@), Y e RO W, < B}

It’ll be shown by induction that
|1 Z15,5 (2LB)*V/2logd

n

Rad(F, Z) <
Base case (k = 0):

Rad(Fy, Z) = Rad ({z — xj,1 < j < d},Z)

sup — Zéi 17

1<j<d T
1
<a (JE?E%HZJ” ) V2logd
112l vZTord
AL

Inductive step. Note that

Fi={or (Wl D) | g0 € 7w < B
J

Now for a € R™*-1 with [ja||; <1,

M(k—1)

a @) = Y a(fY)),

j=1
S0
x = anékfl)(x) € conv(—Fy U Fy).

Now note that, for W, with HWJHl < B, =& has its each row with 1 norm bounded by 1, so x — ka(k 1)(36)
has its component functions (i.e., (%kaek 1)(1‘)) ) in conv(—Fj U Fy). And therefore,
J

Fir ={x— o(Bg(z)), g € conv(—Fp_1 U Fr_1)}.
Hence by applying Lipschitz peeling (Lemma (d)),

Rad(Fy, Z) = Rad ({z — o(Byg(x)), g € conv(—Fr—1 U Fr_1)},2)
< LBRad (—Fg—1 U Fg_1, Z) .
And then from 0 € Fy, from multi-part lemma (Lemma [1.2] (e)),
Rad(Fy, Z) < LBRad (—Fj—1 U Fi_1,2).
< (2LB)Rad (Fy_1, 2)
(GLB)* |2, v3Togd

n




4.2 Second ‘“layer peeling” proof: Frobenius norm
Theorem 6 ([3]). Let 1-Lipschitz homogeneous activation oy, be given, and
F={f: 1) =oxWroxa(-o1(Wiz) ), W/l < B},

ie., F = F) with the norm Wil = Wkl - Then

BX || Z||p (1 + /2K log2)

n

Rad(F,Z) <

Remark 7. The criticisms of the previous layer peeling proof still apply, except we’ve removed 2% .

5 Generalization error for multi layer network, covering number

We will give two generalization bounds.
e The first will be for arbitrary Lipschitz functions, and will be horifically loose (exponential in dimension).

e The second will be, afaik, the tightest known bound for ReLU networks.

5.1 First covering number bound: Lipschitz functions

This bound is intended as a point of contrast with our deep network generalization bounds.

Theorem 8. Let R, B > 0, and let F denote all L-lipschitz functions from [—R, —|—R]d — [B, B], where Lipschitz is
measured with respect to ||-|| . Then the covering number N satisfies

log N (e, F, |[..) < max {0, [‘LL(Tﬂdmg Fﬂ } |

Remark 9. Exponential in dimension.

Revisiting the “point of contrast” comment above, our deep network generalization bounds are polynomial and
not, exponential in dimension; consequently, we really are doing much better than simply treating the networks as
arbitrary Lipschitz functions.

5.2 “Spectrally-normalized” covering number bound

Theorem 10 ([1]). Fiz multivariate activations {Uk}szl with oy, being Ly-Lipschitz and o1, (0) = 0, and fix data
Z € R™™, and define

Fn = {UK(WKUK—1(' (WlZT HWICTHQ < 8“|

Wil ll,y <0}

and all matriz dimensions are at most m. Then

2, K 2/3\ 3
g (e o ) < L2 LLims 2 k<z( ‘) >10g<2m2>.

k=1

Remark 11. Applying Proposition [3] gives

3/2
s _AllZ HF b\ 2
Rad(F,Z) = O ||L (; 1:<Sk) )

Proof uses |o(M) —o(M')||p < L||M — M'|| if 0 is L-Lipschitz; in particular, it allows multi-variate gates
like max-pooling.



Let’s compare to our best “layer peeling” proof from Theorem @ which had [T, Wil p S m®/2 T, [[Will,. If
we assume L; = 1, then the comparison becomes

W\
2 (H ||Wk||2> vs. Z o (H ||Wk||2> :
" Wil 0

Wi |13
Then from K < ),
practice.

The proof, as with Rademacher peeling proofs, is an induction on layers, similarly one which does not “coordinate”
the behavior of the layers; this is one source of looseness.

The first step of the proof is a covering number for individual layers.

TR H2/3 < Km?/3, the bound is better but still leaves a lot to be desired, and is loose in

Lemma 12. Fora fired Z € R™*4,

€

2 492
log A (e, {WZT W, <bWe Rde} , ||-||F) < “anﬂ log(2dm).

Proof. Let W € R™*4 be given with HWTH2 , < b. Define s;; := Wi;/ |Wij;|, and note that

T,T . ‘WZJ‘HZGJH2bHZHFSW (Ze])
Wz 2;616 Wej j A Zez ij Z€] _ZZJ: bHZHF ||Z63H2

Note by Cauchy-Schwarz that

Wl 1211

1 2
P . W2 3 ze, 2 = e <,
2% b||Z||in:\/zj: \/Z 2 ="z,

potentially with strict inequality, which we will want later. To remedy this, construct probability vector p from ¢
by adding in, with equal weight, some U;; and —U;; , so that the above summation form of WZ T goes through
equally with p as with q.

Now define i.i.d. random variables (V1,...,Vy), where

P(V; = U;j) = pij,

EV, = ZpijUij = ZQijUij =Wz,
) )

sijei(Zej) T Ze;
Uil = | =5 b1 Zlle = Isil leilla || 77 || 2121l =011 Zllk,
1] ||ZejH2 » F 1] vi2 ||Ze‘ 2 1lo F F
E(VIlI* = pij 10517 <D pist® 12115 = 0 1 217 -
] ,J
By Lemma [2| there exist (Vi,. .., Vy) with
1 ’ 1 g v Z|3
ZT-=N"V| <E|EV, - = < —E|w|?* < —E1E,
LA v IE] TR ol [ER TR
Furthermore, the matrices V; have the form
1 N sieq, (Ze; si€;,€
— ‘/l l ]l ]l
Nzl: NZ |ZeJL||2 zl: HZeJl”Q
by this form, there are at most (2md)N choices for Vi, ..., V. O



Lemma 13. Let F,, be the same image vectors as in Theorem and let per-layer tolerances (€1, . . .

,€x) be given.

Then

K K K 2 2.2
Z . L4s®
log E Liey, | I Lk, Fos 'l g | < “ HFH];k ’ j-‘ log(2m?).
k=1 j=k+1 k=1 €k

Sketch of the proof. Let Z*)denote the output of layer k of the network, using weights (W, ..., W;), meaning

ZO =2z and  ZW =g (z¢DW)).

The proof recursively constructs cover elements Z®*) and weights Wy for each layer with the following basic

properties.
e Define 20 == 20 and Z*) = [, o, (Z*E=DW,T), where By, is the Frobenius-norm ball of radius || Z| [T«
e Due to the projection [ [, HZW HF < |1Z)1 - T1, <y, Lys;- Similarly, using 0, (0) = 0, | Z®)[| . < |Z]1 - TT, < Lys;-

e Given Z(k_l), choose Wy, via Lemma so that "Z(k_l)WJ — ZA(k_l)VAVkTHF < €k, whereby the corresponding

covering number N}, for this layer satisfies

2
HZA(kfl)H b? 7112 b2 L2 2
IOgNk < TF log(2m2) < ’V” ||F kg]<k —‘ log(2m )
k k

e Since each cover element Zj depends on the full tuple (Wk, cee Wl), the final cover is the product of the
individual covers (and not their union), and the final cover log cardinality is upper bounded by

Al L3s?
10gHN < Z “ ||F H]<k J J—‘ log(2m2).
k

It remains to prove, by induction, an error guarantee

HZ(’“) Z(k)H <ZL ¢ H Lysi.

i=7+1

which is omitted here. O

Once these Lemmas are shown, the proof for Theorem [10]is a parameter optimization, and I will omit the proof.
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