Reproducing Kernel Hilbert Space

AR (Jisu KIM)

SAA 7] A5 (Statistical Machine Learning), 2025 18}7] (spring)

The lecture note is a minor modification of the lecture notes from Prof Larry Wasserman and Ryan Tibshirani’s
“Statistical Machine Learning”, and Arthur Gretton’s “Reproducing kernel Hilbert spaces in Machine Learning”
(https://www.gatsby.ucl.ac.uk /~gretton/coursefiles /rkhscourse.html). Also, see Section 5.8 from [1].

1 Review

1.1

Basic Model for Supervised Learning
Input(]2) / Covariate(A W) : 2 € RY so x = (2q,...,24q).

Output(&2) / Response(¥1-2 H4): y € V. If y is categorical, then supervised learning is “classification”,
and if y is continuous, then supervised learning is “regression”.

Model(29) :
y = f(z).
If we include the error € to the model, then it can be also written as
Yy = ¢(f(x)a 6)'
For many cases, we assume additive noise, so
y=f(z)+e

Assumption(7}4): f belongs to a family of functions M. This is the assumption of a model: a model can be

still used when the corresponding assumption is not satisfied in your data.

Loss function(£=4 g4): £(y,a). A loss function measures the difference between estimated and true values
for an instance of data.

Training data(Sh5 ZAF&): T = {(yi,x;),i = 1,...,n}, where (y;, x;) is a sample from a probability distribution
P;. For many cases we assume i.i.d., or x;’s are fixed and y;’s are i.i.d..

Goal(Z£4]): we want to find f that minimizes the expected prediction error,
0 .
- Ey x1op [UY, F(X))].
f arg?élg (v, x)~p (LY, f(X))]

Here, F can be different from M; F can be smaller then M.

Prediction model(¢]Z 2&): f° is unknown, so we estimate f© by f using data. For many cases we min-
imizes on the empirical prediction error, that is taking the expectation on the empirical distribution P, =
l Zn 5

n 2wi=1%(Yi,X:)"

f = argin B, (€Y, f(X))] = arg in - > S (X0)

Prediction(9|&): if f is a predicted function, and z is a new input, then we predict unknown y by f (z).


https://www.gatsby.ucl.ac.uk/~gretton/coursefiles/rkhscourse.html

1.2 Linear Regression

From the additive noise model

y=f(z)+e fEM,
Linear Regression Model (A& S| AHRE) is that

d
M=F={Bo+> Bjzj: B €R

Jj=1

For estimating /3, we use least squares: suppose the training data is {(y;, ;) : 1 <4 < n,1 < j < p}. We use square
loss

E(y7 CL) = (y - a)Qa
then the eimpirical loss becomes the residual sum of square (RSS) as

n

RSS(B) = Z(?Ji — f(z:))?

i=1

n d
=> |vi—Bo— > wiiB
i=1 =1

2

Let 3 = (Bo, Bi,... ,Bd) be the nimimizor of RSS, then the predicted function is

d
f(z) = Bo+ Zﬁjxj-
j=1
1.3 Holder Spaces and Sobolev Spaces
The class of Lipschitz functions H(1,L) on T' C R is the set of functions g : ' — R such that

l9(y) —g(z)| < Llz —y| forallz,yeT.

A differentiable function is Lipschitz if and only if it has bounded derivative. Conversely a Lipschitz function is
differentiable almost everywhere.

Let T C R, let 8 be a positive integer, and let L > 0. The Hélder class H(B,L) on T is the set of functions
g :T — R such that g is £ = 8 — 1 times differentiable and satisfies

g9y — g (x)| < L|z—y|, foralzyeT.

(There is an extension to real valued 8 but we will not need that.) If g € H(8, L) and £ = 8 — 1, then we can define
the Taylor approximation of g at = by

gAY
W) =g+ (y—2)g (@) + -+ %9“) (z)

and then
lg(y) — 3(w)| < |y — =|°.

The definition for higher dimensions is similar. Let X be a bounded subset of R?. Let 8 be a positive integer
and L > 0. Given a vector s = (s1,...,54), define |s| = 51 + -+ 54, sl = 51!+ - sq!, 2° = 27" - - 2" and

Osit o tsa

DP = —— .
S1 Sd
Oxy' - - 0z}

Define the Hoélder class Hg(8, L) on X as

Hy(B,L) = {g 1 |D%g(x) — DPg(y)| < L ||z —yll,, forall ssuchthat|s|=08—1, and all x,y}. (1)



For example, if d = 1 and 8 = 2 this means that

|9/($) - g’(y)\ < Llx—y|, forallux,y.

The most common case is B = 2; roughly speaking, this means that the functions have bounded second derivatives.
Again, if g € Hy(B, L) then g(x) is close to its Taylor series approximation:

l9(w) — gu,5(u)| < Lju—zlff, (2)

where

ges) = 3 U Doy, Q

[s|<B

In the common case of 8 = 2, this means that

g9(w) = [9(2) + (z — u) "Vg(@)]| < Lz — ul.

We will see that in function estimation, the optimal rate of convergence over H(f3, L) under Lo loss is O(n~28/(26+d)),
The Sobolev class S1(8, L) on a bounded set X C R is the set of 8 times differentiable functions (technically, it
only requires weak derivatives) g : T — R such that

| @) < 2
X

Again this extends naturally to R?%. Also, there is an extension to non-integer 3.
It is worth noting that if X' is bounded, then the Sobolev S4(3, L) and Holder H4(3, L) classes are equivalent
in the following sense: given Sy(3, L) for a constant L > 0, there are Lo, L1 > 0 such that

Hd(ﬂaLO) g Sd(ﬂ7L) g Hd(ﬁaLl)'

The first containment is easy to show; the second is far more subtle, and is a consequence of the Sobolev embedding
theorem.

2 Introduction

A function space is a set of functions F that has some structure. Often a nonparametric regression function or
classifier is chosen to lie in some function space, where the assumed structure is exploited by algorithms and
theoretical analysis. Here we review some basic facts about function spaces.

As motivation, consider nonparametric regression. We observe (X1,Y7),...,(X,,Y,) and we want to estimate
f°(z) = E(Y|X = z). We cannot simply choose f° to minimize the training error Y ,(V; — f°(X;))? as this will
lead to interpolating the data. One approach is to minimize Y ,(Y; — f°(X;))? while restricting f° to be in a well
behaved function space.

3 Hilbert Spaces

Let V be a vector space over R. A norm is a mapping || - || : V' — [0, 00) that satisfies
1. |||l = 0 if and only if z = 0.
2. ||laz|| = |a| ||z|| for all a € R.
3. o+ gl < llell + gl

Some examples of normed vector spaces are:

o (R,[-]).

1/p
d
o R fall, = (S i) p =1



— p = 1: Manhattan
— p = 2: Euclidean

— p — 00: maximum norm, |||, = max; |z

1/p
o Clabl: Ifl, = (J; 1/ @) dz) " p =1
An inner product is a mapping (-,-) : V x V — R that satisfies, for all z,y,z € V and a,b € R:
1. (z,z) > 0 and (x,z) =0 if and ounly if x =0

2. (ax + by, z) = alx, z) + by, 2)
3. (z,y) = (y, @)
An inner product defines a norm |jv|| = /(v, v).

Some examples of inner product spaces are:
o R (z,y) = Zlewiyz--

e Cla,b: f f(x

o R4 (A B) =tr (ABT).

Two vectors « and y are orthogonal if (z,y) = 0.
Some key relations in inner product space:

o [(z,u) <|z|l lly|l (Cauchy-Schwarz inequality)

o 22l +2llyl12 = o + ylI? + = — yI? (the parallclogram law)
o 4(z,y) =]z +y||* — = — y|* (the polarization identity)

ez Ly=|z|*+|yll* = |z +y||* (Pythagorean theorem)

A sequence {z,,}22; of a normed space is said to converge to z if for every e > 0, there exists N € N such that for
alln > N, ||, — z|| < €. (which we also say that ||z, — z|| = 0 as n — 00) A sequence {z,,}22; of a normed space
is a Cauchy sequence if for every e > 0, there exists N € N such that for all n,m > N, ||z, — @ | < e. (which we
also say that ||z, — || = 0 as n,m — 0o) Convergent =Cauchy, but Cauchy Convergent.

A space is complete if every Cauchy sequence converges to a limit. A complete, normed space is called a Banach
space. A Hilbert space is a complete, inner product space. Every Hilbert space is a Banach space but the reverse
is not true in general. In a Hilbert space, we write f, — f to mean that ||f, — f|| — 0 as n — oo. Note that
[|fr.— fl| = 0 does NOT imply that f,,(z) — f(x). For this to be true, we need the space to be a reproducing kernel
Hilbert space which we discuss later.

If V is a Hilbert space and L is a closed subspace then for any v € V there is a unique y € L, called the projection
of v onto L, which minimizes ||v — z|| over z € L. The set of elements orthogonal to every z € L is denoted by L=.
Every v € V can be written uniquely as v = w + z where z is the projection of v onto L and w € L*. In general, if
L and M are subspaces such that every ¢ € L is orthogonal to every m € M then we define the orthogonal sum (or
direct sum) as

LoM={{+m:LeLmeM}. (4)

A set of vectors {e;,t € T} is orthonormal if (es,e;) = 0 when s # t and |lei|| = 1 for all t € T. If {es,t €
T} are orthonormal, and the only vector orthogonal to each e; is the zero vector, then {e;,t € T} is called an
orthonormal basis. Every Hilbert space has an orthonormal basis. A Hilbert space is separable if there exists a
countable orthonormal basis.

Theorem. Let V be a separable Hilbert space with countable orthonormal basis {e1,es,...}. Then, for any x € V,
we have x = 377, 0e; where 0; = (x,e;). Furthermore, |lz||? = Py 07, which is known as Parseval’s identity.

The coefficients 6; = (x, e;) are called Fourier coefficients.
Some examples of inner product spaces are:

o R%: (z,y) = XL, @iy



e Ly(X): If v is a measure on X C R%, then the space

Ly(X;v) = {f X =Rl = (/X If(ﬂb“)ZdV(ﬂc))l/2 < OO}

is a Hilbert space with inner product

(f.9) = /X f(@)g(@)dv (z).

Theorem (Riesz representation theorem). In a Hilbert space X, for every continuous linear functional L : X — R,
there exists a unique y € X such that
Lz = (z,y).

4 L, Spaces

Let F be a collection of functions taking [a,b] into R. The L, norm on F is defined by

b 1/p
1£llp = ( / If(x)pdm> (5)

1flloo = sup |f ()]- (6)

Sometimes we write || f||2 simply as || f||. The space L,(a,b) is defined as follows:

where 0 < p < 0o. For p = 0o we define

Ly(a,b) = {f a0 = R [ f]lp < 00}- (7)
Every L, is a Banach space. Some useful inequalities are:
Cauchy-Schwartz f(:L’)g(:c)dar)2 < [ fA(z)dx [ ¢*(x)da

Minkowski 1+ gllp < £l + lgll, where p > 1

Holder 1f9lly < IflIpllglly where (1/p) + (1/q) = 1.
Special Properties of Ly. As we mentioned earlier, the space Ls(a,b) is a Hilbert space. The inner product

between two functions f and ¢ in La(a,b) is ff f(z)g(z)dz and the norm of f is || f|* = ff f?(x) dz. With this
inner product, Ls(a,b) is a separable Hilbert space. Thus we can find a countable orthonormal basis ¢1, ¢, . . .; that

is, [|¢;]| =1 for all j, fab ¢i(x) ¢j(x)dx = 0 for i # j and the only function that is orthogonal to each ¢; is the zero
function. (In fact, there are many such bases.) It follows that if f € Lo(a,b) then

HOEDINC ®)

where
b
6, = / £(x) 6;(x) da (9)

are the coefficients. Also, recall Parseval’s identity

b S
/ Playde =3 02 (10)

The set of functions

{Zajqu(x): al,...,aneR} (11)
j=1



is the called the span of {¢1,...,d,}. The projection of f = Z]Oil 0;¢;(x) onto the span of {¢1,...,0,} is frn =
2?21 0;p;(x). We call f, the n-term linear approxzimation of f. Let A, denote all functions of the form g =
Z;i1 a;¢;(x) such that at most n of the a;’s are non-zero. Note that A,, is not a linear space, since if g1, g2 € A,
it does not follow that g, + go is in A,,. The best approximation to f in A, is f,, = ZJEA" 0; ¢;(x) where A,, are
the n indices corresponding to the n largest |6;|’s. We call f,, the n-term nonlinear approzimation of f.

The Fourier basis on [0,1] is defined by setting ¢;(x) =1 and

Poj(x) = 1 cos(2jmx), ¢aj41(x) = L sin(2jmx), j=1,2,... (12)

V2 V2
The cosine basis on [0,1] is defined by
do(x) =1, ¢;(z) = V2cos(2mjz), j=1,2,.... (13)

The Legendre basis on (—1,1) is defined by
1 1
Py(z) =1, Pi(x) =2z, Py(z)= 5(3332 —-1), Ps(x)= 5(53:3 —3z), ... (14)

These polynomials are defined by the relation

1 dr

= St g D" (15)

P, (x)

The Legendre polynomials are orthogonal but not orthonormal, since

1
2
2
= . 1
/_1 P(x)dx 1 (16)

However, we can define modified Legendre polynomials Q,,(x) = v/(2n + 1)/2 P, (z) which then form an orthonormal
basis for La(—1,1).
The Haar basis on [0,1] consists of functions

{¢(m),1/)jk(x):j—O,l,...,k—O,l,...,2j1} (17)
where
1 ifo<z<1
() = { 0 otherwise, (18)
Yjk(x) = 20/24(27x — k) and
_f -1 ifo<z<g
Mx)_{ 1 ifl<a<l (19)
This is a doubly indexed set of functions so when f is expanded in this basis we write
0o 271
flx)=ad(x)+D > Bu(x) (20)
j=1 k=1
where a = fol f(z) ¢(x) dx and B = fol f(x)¢jr(x) de. The Haar basis is an example of a wavelet basis.
Let [a,b]? = [a,b] x --- x [a,b] be the d-dimensional cube and define
Ly ([a,b]%) = {f:[a,b]d—HR: / f2(x1,...,xd)dx1...dxd<oo}. (21)
[a,b]4
Suppose that B = {¢1, @2, ...} is an orthonormal basis for Ls([a, b]). Then the set of functions
Bd =B®---@B= {¢i1(xl)¢i2(x2) (rbld(xd) : ilaiQa"'aid € {1527“';}}7 (22)

is called the tensor product of B, and forms an orthonormal basis for L ([a, b]?).



5 Sobolev Spaces

Let f be integrable on every bounded interval. Then f is weakly differentiable if there exists a function f’ that is
integrable on every bounded interval, such that ff f'(s)ds = f(y) — f(x) whenever x < y. We call f’ the weak
derivative of f. Let DJ f denote the j*™ weak derivative of f.

The Sobolev space of order m is defined by

Smp = {1 € Ly(0,1): D™ ] € Ly(0,1) }. (23)
The Sobolev ball of order m and radius c is defined by
Smp(e) = {f 5 € Smp, ID"fly <} (24)

For the rest of this section we take p = 2 and write Sy, instead of Sy, 2

Theorem. The Sobolev space Sy, is a Hilbert space under the inner product

m—1 1
90900 + [ 19wy ) da. (25)
k=0 0
Define .
m— 1 k . TAY (LL' _ u)m—l(y _ u)m—l
K(z,y) = 2 ey +/0 m 1) du. (26)
Then, for each f € S, we have
f(y) = <faK<7y)> (27)
and
K(z,y) = (K(,z),K(-,y)). (28)

We say that K is a kernel for the space and that S, is a reproducing kernel Hilbert space or RKHS.
It follows from Mercer’s theorem (Theorem [6.5) that there is an orthonormal basis {e1, €2, ..., } for Ly(a,b) and

real numbers Ay, Ao, ... such that
o0
z,y) =Y Njej(@) ei(y). (29)
j=1
The functions e; are eigenfunctions of K and the A;’s are the corresponding eigenvalues,

/Kmm@@@:qu‘ (30)

Hence, the inner product defined in can be written as

oo

:Zoaﬁj

i J

(31)

where f(x) = > 0je;(x) and g(z) = 3772 Bje; ().

Next we discuss how the functions in a Sobolev space can be parameterized by using another convenient basis.

An ellipsoid is a set of the form
oo
:{9: Za?@?ﬁf} (32)
j=1

2m

where a; is a sequence of numbers such that a; — oo as j — co. If © is an ellipsoid and if a? ~ (m§)*™ as j — oo,
we call © a Sobolev ellipsoid and we denote it by ©,,(c).
Theorem. Let {¢;,j =0,1,...} be the Fourier basis:
G1() =1, 0n(x) = = cos(2j7a), daa(a) = = sin(jnr), j=1,2 ()
z) =1, () = — ), 1(x) = —=sin(2jmx), j=1,2,...
1 27 \/i .] 2j+1 \/i .] ]



Then,
Sm(c) = {fi f= Z@'%ﬁ Za?&? < 02} (34)
j=1 j=1

where a; = (mj)™ for j even and a; = (n(j—1))™ for j odd. Thus, a Sobolev space corresponds to a Sobolev ellipsoid
with aj ~ (mj)?™.

Note that allows us to define the Sobolev space Sy, for fractional values of m as well as integer values. A

multivariate version of Sobolev spaces can be defined as follows. Let o« = (a1, ..., aq) be non-negative integers and
define |a| = a1 + -+ + ag. Given z = (21, ...,14) € R? write 2% = 2" - - - 2% and
glel
D~ (35)

= a1 g °
Ox{™" - - 0xy

Then the Sobolev space is defined by
Smp = {f € L, ([a,b]") : D*f € Ly([a,b]?) for all |a| < m}. (36)

We will see that in function estimation, the optimal rate of convergence over Sg 2 under Ly loss is O(n—28/(28+d)),

6 Mercer Kernels and Reproducing Kernel Hilbert Spaces

Intuitively, a reproducing kernel Hilbert space (RKHS) is a class of smooth functions defined by an object called a
Mercer kernel. Here are the details.

6.1 Motivating Example: Nonparametric Regression
We observe (X1,Y7),...,(X,,Y,) and we want to estimate f°(z) = E(Y|X = x). The approach we used earlier was
based on smoothing kernels:

i i K (55 Y

f(‘r) - Z?:l K (w—hXi,)

Another approach is regularization: choose f to minimize

STV = F(X))2+ AI(f)

2

for some penalty J. This is equivalent to: choose f € M to minimize >, (Y; — f(X;))*> where M = {f: J(f) < L}
for some L > 0.

We would like to construct M so that it contains smooth functions. We shall see that a good choice is to use a
RKHS.

6.2 Evaluation Functional

Definition 1. Let H be a Hilbert space of functions f : X — R where X # (. For each x € X, the (Dirac)
evaluation functional d, : H — R is defined as d, f = f(x).

Evaluation functional is always linear: for f,g € H and o, 8 € R, 0, (af +5g) = (af + Bg)(z) = af(z)+ Bg(x) =

However in general, the evaluation functional is not continuous. This means we can have f, — f but §,f,
does not converge to d,f. For example, let f(x) = 0 and f,(z) = v/nI(z < 1/n?). Then ||f, — f|| = 1//n — 0.
But &y fn, = v/n which does not converge to dgf = 0. Intuitively, this is because Hilbert spaces can contain very
unsmooth functions.

We define RKHS be the Hilbert spaces where the evaluation functional is continous. Intuitively, this means that
the functions in the space are well-behaved.

Definition 2. A Hilbert space H of functions f : X — R where X # () is said to be a Reproducing Kernel Hilbert
Space (RKHS) if 4, is continuous for any x € X.

If two function f,g are close in the norm, then f(x) and g(x) are also close.

Theorem. Iflim, o ||fn — f|| =0, then lim, o fn(z) = f(z), for allz € X.



6.3 Reproducing Kernel

Definition 3. Let H be a Hilbert space of functions f : X — R where X’ # (). A function K : X x X — R is called
a reproducing kernel of H if it satisfies

1. Forallz € X, K, = K(-,z) € H.
2. Forallz € X and f € H, (f, K.) = f(z) (reproducing property).

This implies that K, is the representer of the evaluation functional: think of Riesz representation theorem.
In particular, for any z,y € X,

K(r,y) = <Ky7 Kw> = <Ka:> Ku> = K(y, x)
Theorem. If it exists, reproducing kernel is unique.
Definition 4. A Hilbert space H of functions f : X — R where X # () is RKHS if it has a reproducing kernel.

In fact it is not difficult to see that two definitions of RKHS are equivalent: If the evaluational functionals are
continuous, then for each € X we can find K, € H with §,.(f) = f(x) = (f, K,) for all f € H. Conversely, suppose
that f,, — f. Then

Opfrn = <fn7Kx> — <faKw> = f(x) =0.f

so the evaluation functional is continuous.

6.4 Positive Semidefinite function

Definition 5. A symmetric function K : X x X — R is called positive (semi)definite if for all n > 1, (a1,...,a,) €
R™ (z1,...,2,) € X",

n
Z a;a;K(z;,2;) = a' Ka > 0.
i,j=1
The function K is strictly positive definite if for mutually distinct z;, the equality holds only whenay = - - = a,, = 0.

Then we can see that every inner product is positive semidefinite, and every reproducing kernel is positive
semidefinite.

Given a positive semidefinite function K, let K, (-) be the function obtained by fixing the second coordinate.
That is, K,(y) = K(y,z). For the Gaussian kernel, K, is a Normal, centered at x. We can create functions by
taking liner combinations of the kernel:

k
fl@) ="K, ().
j=1

Let Ho denote all such functions:
k
Ho = {f : Zajmj(x)}.
j=1
k

Given two such functions f(z) =377, a; Ky, (2) and g(z) = Z;nzl B Ky, (x) we define an inner product

(f.9)={f.9k =) ZaiﬂjK(%yj)-

%

In general, f (and g) might be representable in more than one way. You can check that (f, g)x is independent of
how f (or g) is represented. The inner product defines a norm:

11l = VT = \/ZZajakmj,xk) _ Va™Ra
7 k

Definition 6. The completion of H, with respect to || - ||k is denoted by Hx and is called the RKHS generated
by K.



To verify that this is a well-defined Hilbert space, you should check that the following properties hold:

(f:9) = (9, 1)
{cf+ dg, > = c(fih) +d(g,h)

The last one is not obvious so let us verify it here. It is easy to see that f = 0 impies that (f, f) = 0. Now we must
show that (f, f) = 0 implies that f(z) = 0. So suppose that (f, f) = 0. Pick any z. Then

< AP KNP = 07 1 KL* =0

where we used Cauchy-Schwartz. So 0 < f?(x) < 0 which means that f(z) = 0.

6.5 Mercer Kernels

A RKHS can be also defined by a Mercer kernel. A Mercer kernel K (x,y) is a continuous function of two variables
that is symmetric and positive semidefinite. This means that, K(z,y) = K(y, ), and for any function f,

[ [ K@wr@swsds = o

(This is like the definition of a positive semidefinite matrix: 27 Az > 0 for each x.)
The function

m—1 i TAY (l’ _ u)mfl(y _ u)mfl
/0 du (37)

K" (m— 1)1

k=1
introduced in the Section [5|on Sobolev spaces is an example of a Mercer kernel. The most commonly used kernel is

the Gaussian kernel ,
lz—yll

K(z,y)=¢ 2

Theorem (Mercer’s theorem). Let X be compact, and p1 be a measure on X with u(X) < oo and supp(u) = X.
Suppose that K : X x X — R is continuous, symmetric, and satisfies sup, , K(z,y) < co. Define

Ticf@) = [ Ko 1) duty (39)
suppose that Ty, : L*>(X) — L?(X) is positive semidefinite; thus,
[ | K@) @) £0) duta) duto) = 0 (39)
for any f € L?(X). Then there exists a countable eigenvalues and eigenfunctions \;, ¥;, i.e.,
| K ¥ dnts) = 2v.(a). (40)
where {¥;} is an orthonormal basis, and if A\; > 0 then U, is continuous. Further, Y . \; < 00, sup, ¥;(z) < oo,

and
= Z)\z‘l/z(l‘) W(y), (41)

where the convergence is uniform in x,y.

The positive semidefinite requirement for Mercer kernels is generally difficult to verify. But the following basic
results show how one can build up kernels in pieces.

10



K, : XxX —=>Rand Ky : X x X — R are Mercer kernels then so are the following:

K(z,y) = Ki(z,y)+ Ka(z,y)

K(z,y) = cKi(z,y)+ Ko(z,y) forceRy

K(z,y) = Ki(z,y)+c forceRy

K(z,y) = Ki(z,y)Ka(z,y)

K(z,y) = f(x)fly) for f: X —R

K(z,y) = (Ki(z,y)+c)? forf ¢ R, anddeN
K(z,y) = exp(Ki(z,y)/o°) foro€eR

K(z,y) = exp(—(Ki(z,z) - 2K, (z,y) + K1 (y,9))/20?)
K(zy) = Ki(z,y)/VEi(z,2)Ki(y,y)

6.6 Spectral Representation
Let K : X x X — R be a Mercer kernel with the conditions from Mercer’s theorem satisfied. Note that

K(z,y) = Z AW (2)W;(y)

Hence we can define the feature map ® by

= (VMU (2), VAo (2)

We can expand f either in terms of K or in terms of the basis Uy, Uy, .. .:

= ZaiK(mi7x) = Zﬁjq}](x)

Furthermore, if f(z) =3, a;¥;(z) and g(x) = >_; b;¥;(z), then

Roughly speaking, when || f||x is small, then f is smooth.

This is since -
Ko() = K(,2) =Y \Ui(2)Ti()

i=1

and hence from (f, K,) = f(z), and if we additionally impose that (¥;, ¥;), = 0, then

Uj(x) = (¥, Ky) < j,ZA\I/ > =AV;(2) (V;, ;)
22(N)

and hence (¥, ¥;) . should be 1/X;.
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6.7 Examples

Example 7. Let H be all functions f on R such that the support of the Fourier transform of f is contained in
[—a,a]. Then
sin(a(y — x))

R =y =

and

(t9)= [ 1o

Example 8. Let H be all functions f on (0,1) such that

/0 (f(x) + (f'(2))*)2*dz < 0.
Then
K(z,y) = (zy)~"' (e “sinh(y)I(0 < z < y) + e Ysinh(z)I(0 < y < z))
and

|WP=A(P@%Hqun%m

Example 9. The Sobolev space of order m is (roughly speaking) the set of functions f such that f(f(m))2 < 0.
For m =1 and X = [0, 1] the kernel is

1+:cy+¢—£ 0<y<z<l1
K(z,y) = 5, mg Osvses
Il+ay+%5-—-% 0<x<y<l

and

Hﬂ@=f%®+fmf+/(ﬂu»%x

0

6.8 Representer Theorem

Let £ be a loss function depending on (X1,V1),...,(X,,Y,) and on f(X1),..., f(X,). Let f minimize
C+g(I1£11%)

where ¢ is any monotone increasing function. Then f has the form

n

f(x) = Z a; K(x;,x)

i=1

for some aq, ..., ay.

6.9 RKHS Regression
Define f to minimize
R=23 (Y; = f(X0)® + M fl[%-
By the representer theorem, f(z) = Yo, ;K (x;, ). Plug this into R and we get
R=|Y —Ka|]* + \a"Ka
where K;, = K (X, X)) is the Gram matrix. The minimizer over « is
a=(K+)'Y
and m(z) = >, &;K(X;, x). The fitted values are

Y =Ka=KK+A)"'Y =LY.

So this is a linear smoother.
We can use cross-validation to choose \. Compare this with smoothing kernel regression.
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6.10 Logistic Regression

Let
. @)
We can estimate f° by minimizing
—loglikelihood + A|| f||%-

Then f =3 K (xzj,x) and o may be found by numerical optimization. In this case, smoothing kernels are much
easier.

6.11 Support Vector Machines
Suppose Y; € {—1,+1}. The linear SVM minimizes the penalized hinge loss:

7= 0= Yilbo + B X)) + S5

The dual is to maximize

Zai — %Z a0 VY (X5, Xj)
i 4,J

subject to 0 < a; < C.
The RKHS version is to minimize

A
T =3 =Yl (Xl + Sl
The dual is the same except that (X;, X;) is replaced with K (X;, X;). This is called the kernel trick.

6.12 The Kernel Trick

This is a fairly general trick. In many algorithms you can replace (x;, x;) with K(z;,z;) and get a nonlinear version
of the algorithm. This is equivalent to replacing = with ®(x) and replacing (x;, z;) with (®(z;), ®(z,)). However,
K(z;,xj) = (®(x;), ®(z;)) and K(x;,x;) is much easier to compute.

In summary, by replacing (x;, z;) with K(z;, ;) we turn a linear procedure into a nonlinear procedure without
adding much computation.

6.13 Hidden Tuning Parameters
There are hidden tuning parameters in the RKHS. Consider the Gaussian kernel

_lz—yl?

K(a:,y):e o?

For nonparametric regression we minimize y_,(V; — m(X;))? subject to ||m|[x < L. We control the bias variance
tradeoff by doing cross-validation over L. But what about o?

This parameter seems to get mostly ignored. Suppose we have a uniform distribution on a circle. The eigen-
functions of K (x,y) are the sines and cosines. The eigenvalues \;, die off like (1/0)?*. So o affects the bias-variance
tradeoff since it weights things towards lower order Fourier functions. In principle we can compensate for this by
varying L. But clearly there is some intercation between L and o. The practical effect is not well understood.

Now consider the polynomial kernel K (z,y) = (1 + (z,y))%. This kernel has the same eigenfunctions but the
eignvalues decay at a polynomial rate depending on d. So there is an interaction between L, d and, the choice of
kernel itself.
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6.14 Example: Two Sample Test

Gretton, Borgwardt, Rasch, Scholkopf and Smola (GBRSS 2008) show how to use kernels for two sample testing.

Suppose that
X,..., X, ~P Yi,....,Y, ~Q.

We want to test the null hypothesis Hy : P = Q.
Let F ={f: ||f||lx < 1}. Define

M = sup
fer

JEp[f(X)]—EQ[f(X)]|-

Under weak regulaarty conditions on K, it can be shown that M = 0 if and only if P = @. Thus we can test Hy by
estimating M.

Define
N 1 m 1 m
M = sup |— f(X;) — = f(y;
feF|m ; ( ) n ; ( )
Some calcculations show that
~ 1 2 1
2 _ . 2 4 1 4
N2 = W%K(xﬁxw — ;K(Xj,Yk) +— ;K(Yj,Yk).

We reject Hy if M > t. We can determine t exactly using a permutation test.
Using McDiarmmid’s inequality and a Rademacher bound, GBRSS shows that

(M M|>2<\/» \/>>+6><exp< C(Em"fn)).

There is a connection with smoothing kernels. Let

n

1
W) = oy el

and similarly for fy. Then

/ () — fy(w)Pdu = AP

where M is based on the kernel K (z,y) = [ k(x — 2)k(y — 2)dz. So they are really the same!

_ U=
In practice, one would use the Gaussian kernel K, (x,y) = »2 . Call the resuling statistic M,. For hypoth-

esis testing, there is no need to choose a bandwidth o. Just deﬁne

M = sup M,.
g
Again, the critical value can be obtained using permutation methods. This is needed since the distribution of

M under Hy is very complex and involved unknown quantities. (See Rosenbaum (2005, Biometrika) for a cool,
two-sample test with an exact, known, distribution free null distribution.)
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