Basis expansions and Kernel methods

AR (Jisu KIM)

SAA 7)1 A S5 (Statistical Machine Learning), 20261 18}7] (spring)

The lecture note is a minor modification of the lecture notes from Prof. Yongdai Kim’s “Statistical Machine
Learning”, and Prof Larry Wasserman and Ryan Tibshirani’s “Statistical Machine Learning”. Also, see Section 5
and 6 from [7].

1 Introduction

For linear regression (A% 3]7]) y = 2B + ¢, the mean response E [y|X = z] = 2T 3 is linear with respect to z.
But this linear relation may not hold: The nonparametric regression (H|E2<> 3]7), or non-linear regression (H] 41
3]9), we just assume

y=f(z)+e feM.

For training data 7 = {(yi,2;),4 = 1,...,n}, where (y;, z;) is a sample from a probability distribution P;. For many
cases we assume i.i.d., or z;’s are fixed and y;’s are i.i.d. Then we can write

Z‘/i:f(xi)—i—éi, i=1,...,n.

For theoretical analysis, we assume €;, ¢ = 1,...,n are i.i.d. random errors, with mean zero. E [¢;] = 0 ensures that
[ is the minimizer of E¢y, x).p [(Y — f(X))?] when z;’s are i.i.d.

It is typical to assume that each ¢; is independent of x;. This is a pretty strong assumption, and you should
think about it skeptically. We too will make this assumption, for simplicity. It should be noted that a good portion
of theoretical results that we cover (or at least, similar theory) also holds without this assumption.

Between x;’s being i.i.d. or fixed, theories are not completely the same (some theory is sharper when we assume
fixed input points, especially evenly spaced input points), but for the most part the theory is quite similar. Therefore,
in what follows, we won’t be very precise about which setup we assume—random or fixed inputs—because it mostly
doesn’t matter when introducing nonparametric regression estimators and discussing basic properties

To solve low-dimensional non-linear regression (H|A1% 3]7]) y = f(x) + ¢, there are two approaches:

e Basis expansions (7]# A 7}|): Linear models on Take non-linear transformation (|43 3} of input X and
then solve linear regression (A3 3]9).

— regression function (3]9%4*) becomes f(z) = > 7_, B;h;(x). Each h; : R? — R is called basis function
(7141=)

— polynomial regression (TFagr), regression spline (3] AE291), smoothing spline (H&A-E2H2l)
e Kernel smoothing (3§13 2}): Solve linear regression (A3 3]7]) locally (574-2) using kernel function (&)

— Nadaaya-Watson estimator, local linear regression (=443 3]H)

1.1 Basic Model for Supervised Learning
e Input(Je) / Covariate(Ad W) : x € RY, so z = (1,...,24q)-

e Output(&3]) / Response(HI-3 =) y € V. If y is categorical, then supervised learning is “classification”,
and if y is continuous, then supervised learning is “regression”.



e Model(24) :
y = f(z), feM.
If we include the error € to the model, then it can be also written as
y=0o(f(z),€).
For many cases, we assume additive noise, so
y=f(z)+e
e Assumption(7}74): f belongs to a family of functions M. This is the assumption of a model: a model can be
still used when the corresponding assumption is not satisfied in your data.
e Loss function(£=4 $F): £(y,a). A loss function measures the difference between estimated and true values
for an instance of data. The most common ones are:
— square: £(y,a) = (y — a)?.
— 0 1 f(y,a) = I(y # a),
e Training data(St5 A= ): T = {(yi, x;),i = 1,...,n}, where (y;, z;) is a sample from a probability distribution
P;. For many cases we assume i.i.d., or x;’s are fixed and y;’s are i.i.d..

e Goal(Z3): we want to find f that minimizes the expected prediction error,
0 .
= E ~p [LY, f(X))].
f7 = argmin By x)~p [, f(X))]
Here, F can be different from M; F can be smaller than M.

e Prediction model(of|Z 2&): f0 is unknown, so we estimate fO by f using data. For many cases we min-
imizes on the empirical prediction error, that is taking the expectation on the empirical distribution P, =
lz" )

n i=19(Y3,X4)

1 n
f=argminEp, [((Y, f(X))] = argmin ~ ; (Y3, f(X2))
e Prediction(of|Z): if f is a predicted function, and z is a new input, then we predict unknown y by f (z).

1.2 Linear Regression

From the additive noise model
y=f(z)+e feEM,
Linear Regression Model (A& S| AHEE) is that

d
M=F= Bo+25j$jlﬁj€R

j=1

For estimating 3, we use least squares method (Z|AA|FH): suppose the training data is {(y;, z;;) : 1 <i<n,1 <
j < d}. We use square loss

Uy, a) = (y —a)?,
then the empirical loss (74 @4 £4!) becomes the residual sum of square (RSS, ZF2}A4|53}) as

n

RSS(B) = Z(?Ji — f(z:))?

i=1
n d
=> |vi—Bo— > wiiB
i=1 =1

Let B = (BO, 317 . ,Bd) be the minimizer of RSS, then the predicted function is

2

d
f(@) =P +Zﬁj$j-

Jj=1



2 Holder Spaces and Sobolev Spaces

The class of Lipschitz functions H (1, L) on T' C R is the set of functions g : T'— R such that
9(y) — g(x)| < Llz —y| forall z,y € T.

A differentiable function is Lipschitz if and only if it has bounded derivative. Conversely a Lipschitz function is
differentiable almost everywhere.

Let T C R, let 8 be a positive integer, and let L > 0. The Hélder class H(S,L) on T is the set of functions
g :T — R such that g is £ = 8 — 1 times differentiable and satisfies

g9y — g (x)| < L|z—y|, foralzyeTl.

(There is an extension to real valued § but we will not need that.) If g € H(S, L) and £ = § — 1, then we can define
the Taylor approximation of g at x by

—x)
30) = 9(0) + (v —2)g' @)+ -+ L g0

and then
l9(y) — 3()| < |y —=|”.
The definition for higher dimensions is similar. Let X be a bounded subset of R?. Let 8 be a positive integer
and L > 0. Given a vector s = (s1,...,54), define |s| = 51 + -+ 54, sl = 51! ---sq!, 2° = 27" - - 2" and

gs1++sa

D = ——r—.
S1 Sd
Oxi* - - 0z

Define the Holder class Hq(8,L) on X as
Hy(B,L) = {g 1 |D%g(x) — DPg(y)| < L ||z —yll,, forall ssuch that|s|=08—1, and all :v,y}. (1)

For example, if d = 1 and 8 = 2 this means that

lg'(x) — g ()| < L]z —y|, forallz,y.

The most common case is B = 2; roughly speaking, this means that the functions have bounded second derivatives.
Again, if g € Hy(8, L) then g(x) is close to its Taylor series approximation:

l9(w) — gup(w)| < Lu—zj, (2)
where

gopw) =Y W2 pea), (3)

s!
[s|<B

In the common case of 8 = 2, this means that

p(u) — [p(z) + (z —u) " Vp(z)]| < Lz —ul.

The Sobolev class S1(8, L) on a bounded set X C R is the set of 8 times differentiable functions (technically, it
only requires weak derivatives) g : T'— R such that

[ 6@ < 22,

Again this extends naturally to R%. Also, there is an extension to non-integer f.
It is worth noting that if X is bounded, then the Sobolev S4(8, L) and Holder H4(8, L) classes are equivalent
in the following sense: given Sy(3, L) for a constant L > 0, there are Lo, L1 > 0 such that

Hy(B, Lo) € Sq(B,L) € Ha(B,L1).

The first containment is easy to show; the second is far more subtle, and is a consequence of the Sobolev embedding
theorem.



3 Linear smoothers

Every estimator in this note is a linear smoother meaning that f(z) = >, wi(2)Y; for some weights w;(z) that do
not depend on the Y/s. Hence, the fitted values i = (f(X1),..., f(X,)) are of the form i = SY for some matrix
S € R" ™ depending on the inputs Xi,..., X,—and also possibly on a tuning parameter such as h in kernel
smoothing, or A\ in smoothing splines—but not on the Y;’s. We call S, the smoothing matrix. For comparison, recall
that in linear regression, it = HY for some projection matrix H.

For linear smoothers ji = SY, the effective degrees of freedom is defined to be

v=df(p) = ZS” = tr(9),

the trace of the smooth matrix S.

4 Basis Expansions

Consider a mapping h : R? — R?. Then, consider a linear model
F={h(z)"B:BER}.

When h is nonlinear, the resulting model is also nonlinear. Typically, ¢ is much larger than d.
Examples are:

e Polynomial regression

Special functions: h(x) = exp(z1 + z2)

locally constant function: hj(z) = I(l < z; < u).

e Regression spline: locally polynomial functions

Smoothing spline: penalized locally polynomial functions

Wayvelet

4.1 Polynomial regression
The m-th order polynomial model is given as
d m
F@)=Bo+ > Biwi+Y Biwwjwr-+ D Bigor g || T
j=1 J<k J1<j2<<Jm k=1
e Main effect terms: 3;x;
e Second order interaction terms: 3%,
. . m
e mth order interaction terms: 3, j, ... j.. [1req i,

e When d is small, we can use relatively large m. But, when d is large, we use small m due to difficulties in
computation as well as interpretation.

e In practice, we are satisfied with m = 2 for high dimensional problems.

5 Regression splines, smoothing splines

5.1 Splines

e Regression splines and smoothing splines are motivated from a different perspective than kernels and local
polynomials; in the latter case, we started off with a special kind of local averaging, and moved our way up to
a higher-order local models. With regression splines and smoothing splines, we build up our estimate globally,
from a set of select basis functions



e These basis functions, as you might guess, are splines. Let’s assume that d = 1 for simplicity. (We’ll stay in the

univariate case, for the most part, in this section.) A kth-order spline f is a piecewise polynomial function of
degree k that is continuous and has continuous derivatives of orders 1, ..., k—1, at its knot points. Specifically,
there are ¢; < ... <t, such that f is a polynomial of degree k on each of the intervals

(—OO,tl], [tl,tg}, ey [tp, OO)
and fU) is continuous at t,...,t,, for each j = 0,1,...,k — 1

Splines have some special (some might say: amazing!) properties, and they have been a topic of interest among
statisticians and mathematicians for a very long time. See [1] for an in-depth coverage. Informally, a spline is
a lot smoother than a piecewise polynomial, and so modeling with splines can serve as a way of reducing the
variance of fitted estimators. See Figure 1.

A bit of statistical folklore: it is said that a cubic spline is so smooth, that one cannot detect the locations of
its knots by eye!

How can we parametrize the set of a splines with knots at ¢1,...,t¢,7 The most natural way is to use the
truncated power basis, g1, ..., gp+k+1, defined as

gi(@) =1, ga2(x) = 2, ... grpr(x) =2,
gk+1+]‘(l’) = (IE — tj)ﬁ_, ] = 1, N B

(4)

(Here x4 denotes the positive part of x, i.e., x; = max{z,0}.) From this we can see that the space of kth-order
splines with knots at ¢;,...,%, has dimension p + k + 1

While these basis functions are natural, a much better computational choice, both for speed and numerical
accuracy, is the B-spline basis. This was a major development in spline theory and is now pretty much the
standard in software. The key idea: B-splines have local support, so a basis matrix that we form with them
(to be defined below) is banded. See [1] or the Appendix of Chapter 5 in [7] for details.

Regression splines

A first idea: let’s perform regression on a spline basis. In other words, given inputs x1, ..., z, and responses
Y1,--.,Yn, we consider fitting functions f that are kth-order splines with knots at some chosen locations

t1,...tp. This means expressing f as
p+k+1

f(x) = Z Bigj(z),

where B31,. .., Bp+k+1 are coeflicients and g1, ..., gp+r+1, are basis functions for order £ splines over the knots
t1,...,tp (e.g., the truncated power basis or B-spline basis)

Letting 4y = (y1,...,%n) € R”, and defining the basis matrix G € R**P+++1) by
Gij :gj(mi), i=1,....,n,j=1,...,p+k+1,

we can just use least squares to determine the optimal coefficients B = (Bl, . 7Bp+k+1)7

B= argmingeg, x4 ||y — GBIJ3,

which then leaves us with the fitted regression spline f(x) = Zﬁifﬂ Big;i(x)

Of course we know that 3 = (GTG) "G Ty, so the fitted values ji = (f(x1), ..., f(zn)) are
p=GGETa) Ay,
and regression splines are linear smoothers

This is a classic method, and can work well provided we choose good knots t1,...,t,; but in general choosing
knots is a tricky business. There is a large literature on knot selection for regression splines via greedy methods
like recursive partitioning
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e For the computation of regression splines, we fix the order of local polynomial, typically less than or equal to

5.4

3 (The cubic spline is a popular one). The parameters we have to estimate is the number of knots, the knot
locations and regression coefficients. Once p and ¢;’s are fixed, the regression coefficients can be estimated
easily. Again, the knot selection is computationally demanding and unstable. A better approach is smoothing
spline.

Natural splines

A problem with regression splines is that the estimates tend to display erractic behavior, i.e., they have high
variance, at the boundaries of the input domain. (This is the opposite problem to that with kernel smoothing,
which had poor bias at the boundaries.) This only gets worse as the polynomial order k gets larger

A way to remedy this problem is to force the piecewise polynomial function to have a lower degree to the
left of the leftmost knot, and to the right of the rightmost knot—this is exactly what natural splines do. A
natural spline of order k, with knots at ¢; < ... <t,, is a piecewise polynomial function f such that

— f is a polynomial of degree k on each of [t1,t2],. .., [tp—1, tp),

— f is a polynomial of degree (k —1)/2 on (—o0,t1] and [t,, 00),

— f is continuous and has continuous derivatives of orders 1,...,k —1 at ¢1,...,%,.
It is implicit here that natural splines are only defined for odd orders &

What is the dimension of the span of kth order natural splines with knots at ¢i,...,%,, when p > %? Recall
for splines, this was p + k + 1 (the number of truncated power basis functions). For natural splines, we can
compute this dimension by counting:

(k+1)-(p—1) + ((k_1)+1)-2 —k-p = p.

—_— 2 ~—
a b‘ C
Above, a is the number of free parameters in the interior intervals [t1,ta], ..., [tp—1,p], b is the number of free
parameters in the exterior intervals (—oo, t1], [t,, 00), and ¢ is the number of constraints at the knots ¢1,. .., ¢,

(In fact, p > % ensures this counting correctly works). The fact that the total dimension is p is amazing;

this is independent of k.

Note that there is a variant of the truncated power basis for natural splines, and a variant of the B-spline basis
for natural splines. Again, B-splines are the preferred parametrization for computational speed and stability

Natural splines of cubic order is the most common special case: these are smooth piecewise cubic functions,
that are simply linear beyond the leftmost and rightmost knots

Smoothing splines

Smoothing splines, at the end of the day, are given by a regularized regression over the natural spline basis,
placing knots at all inputs z1,...,2,. They circumvent the problem of knot selection (as they just use the
inputs as knots), and they control for overfitting by shrinking the coefficients of the estimated function (in its
basis expansion).

Interestingly, we can motivate and define a smoothing spline directly from a functional minimization perspec-
tive. With inputs z1, ..., 2, lying in an interval [0, 1], the smoothing spline estimate f, of a given odd integer
order k > 0, is defined as

n 1
f= argmin ; Z (yi — f(xl))2 + )\/0 (f(m) (x))2 dx, where m = (k+1)/2. (5)

This is an infinite-dimensional optimization problem over all functions f for the which the criterion is finite.
This criterion trades off the least squares error of f over the observed pairs (x;,y;), % = 1,...,n, with a penalty
term that is large when the mth derivative of f is wiggly. The tuning parameter A > 0 governs the strength
of each term in the minimization.



e By far the most commonly considered case is k = 3, i.e., cubic smoothing splines, which are defined as
= argmin Z :cZ + )\/ 'z (6)

e Remarkably, it so happens that the minimizer in the general smoothing spline problem (5) is unique, and is
a natural kth-order spline with knots at the input points z1,...,z,! Here we give a proof for the cubic case,
k = 3, from [5] (see also Exercise 5.7 in [7])

The key result can be stated as follows: if f is any twice differentiable function on [0,1], and x4, ..., 2, € [0, 1],
then there exists a natural cubic spline f with knots at z1,...,z, such that f(x;) = ( i), i=1,...,n and

1 1
" 2 d i 2 d
| repars [ frer

Note that this would in fact prove that we can restrict our attention in (6) to natural splines with knots at
T1ye..,Tn.

Proof. the natural spline basis with knots at xz1,...,z, is n-dimensional, so given any n points z; = f (z4),
i =1,...,n, wecan always find a natural spline f with knots at x1, ..., z, that satisfies f(z;) = z;,i =1,...,n.
Now define

() = (@)~ f(a).
[ rentw = praw)|) - [ e a
0 0 0
— [ (@) de

x]+1 +/ f(4)({17)hl(fl') dx
1

_ _Zf///

Consider

=— Z F" (@) (i) — b)),
j=1

where in the first line we used integration by parts; in the second we used the that f”(0) = f”(1) = 0, and
f"(x) =0 for x < x; and x > x,, as [ is a natural spline; in the third we used integration by parts again; in
the fourth line we used the fact that f” is constant on any open interval (z;,z;4+1), 7 = 1,...,n—1, and that
f® =0, again because f is a natural spline. (In the above, we use f”(u't) to denote lim, ., f"(x).) Finally,
since h(z;) =0 for all j =1,...,n, we have

1
| @) o -
0
From this, it follows that

1 1 )
/f%ﬁm:/(ﬂw+MM)m
0 0

1 1 1
1 2 d h// 2 d 2 1 h// d
Af@)x+A @ﬁx+tlf@)®)x
= " 2dx + /1 n" (x)* dx
- A f (‘T) X o ]

/Elf”(w)2dw < /glj”%w>2dx, (7)

with equality if and only if h”(z) = 0 for all € [0,1]. Note that A" = 0 implies that h must be linear, and

and therefore

since we already know that h(z;) = 0 for all j = 1,...,n, this is equivalent to ~ = 0. In other words, the
inequality (7) holds strictly except when f = f, so the solution in (6) is uniquely a natural spline with knots
at the inputs. O



5.5 Finite-dimensional form
e The key result presented above tells us that we can choose a basis 71, ..., 7, for the set of kth-order natural
splines with knots over z1,...,%,, and reparametrize the problem (5) as
R n n 5 1 n 2
§=mgmingen, 3 (= Bm(en) A [ (30 @) da, ®)
i=1 j=1 0 "=
This is a finite-dimensional problem, and after we compute the coefficients B € R”, we know that the smoothing
spline estimate is simply f(z) = 3°7_, B;n;(z).
e Defining the basis matrix and penalty matrices N,Q € R"*™ by
1
Nij =nj(z;) and Q;; = / ngm) (x)n§m)(x) der fori,j=1,...,n, (9)
0
the problem in (8) can be written more succintly as
B = argmingeg. |y — NB|I5 + ABQ8, (10)
showing the smoothing spline problem to be a type of generalized ridge regression problem. In fact, the solution
in (10) has the explicit form
B=(NTN+X)INTy,
and therefore the fitted values fi = (f(z1), ..., f(x,)) are
f=N(NTN+X2)INTy. (11)
Therefore, once again, smoothing splines are a type of linear smoother.

e A special property of smoothing splines: the fitted values in (11) can be computed in O(n) operations. This
is achieved by forming N from the B-spline basis (for natural splines), and in this case the matrix N TN + QI
ends up being banded (with a bandwidth that only depends on the polynomial order k). In practice, smoothing
spline computations are extremely fast.

5.6 Reinsch form

It is informative to rewrite the fitted values in (11) is what is called Reinsch form,
fp=N(NTN+ X)) INTy
= N(NT(I+ANT) TN )N TNy
—(1+2Q) 'y, (12)
where Q = (NT)"1QN L

Note that this matrix @ does not depend on \. If we compute an eigendecomposition QQ = UDU T, then the
eigendecomposition of S = N(NTN +XQ2)~1 = (I + A\Q) ! is

where D = diag(dy,...,d,).

Therefore the smoothing spline fitted values are i = Sy, i.e.,

n UTy
- J
= Usj. 13
=217, (13)
Jj=1
Interpretation: smoothing splines perform a regression on the orthonormal basis ui,...,u, € R”, yet they

shrink the coefficients in this regression, with more shrinkage assigned to eigenvectors u; that correspond to
large eigenvalues d;
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Figure 2: Figenvectors and eigenvalues for the Reinsch form of the cubic smoothing spline operator, defined over
n = 50 evenly spaced inputs on [0,1]. The left plot shows the bottom 7 eigenvectors of the Reinsch matriz Q. We can
see that the smaller the eigenvalue, the “smoother” the eigenvector. The right plot shows the weights w; = 1/(1+Ad;),
Jj=1,...,n implicitly used by the smoothing spline estimator (18), over 8 values of A\. We can see that when X is
larger, the weights decay faster, so the smoothing spline estimator places less weight on the “nonsmooth” eigenvectors

e So what exactly are these basis vectors ui, ..., u,? These are known as the Demmler-Reinsch basis, and a lot

5.7

5.8

of their properties can be worked out analytically [2]. Basically: the eigenvectors u; that correspond to smaller
eigenvalues d; are smoother, and so with smoothing splines, we shrink less in their direction. Said differently,
by increasing A in the smoothing spline estimator, we are tuning out the more wiggly components. See Figure
2

Error rates

Suppose y = fo(z) + €, and assume fy € Sl(mJ/) for the underlying regression function, where L > 0 is a

constant. The smoothing spline estimator f in (5) of polynomial order k = 2m — 1 with tuning parameter
= nt/@mtl) = 1/ (+2) gatisfies

1o/ 2
- Z (f(Xz) —Jo (XJ) < p~2m/(mEDin probability.
i
The proof of this result uses much more fancy techniques from empirical process theory (entropy numbers)

than the proofs for kernel smoothing. See Chapter 10.1 of [10]

This rate is seen to be minimax optimal over Si(m, L) (e.g., [8]).

Multivariate splines

Splines can be extended to multiple dimensions, in two different ways: thin-plate splines and tensor-product
splines. The former construction is more computationally efficient but more in some sense more limiting; the
penalty for a thin-plate spline, of polynomial order k = 2m — 1, is

of@) |
Z /‘axflxgz’...amsd 4,

ar1+...+tag=m

which is rotationally invariant. Both of these concepts are discussed in Chapter 7 of [5] (see also Chapters 15
and 20.4 of [6])

10



e The multivariate extensions (thin-plate and tensor-product) of splines are highly nontrivial, especially when
we compare them to the (conceptually) simple extension of kernel smoothing to higher dimensions. In multiple
dimensions, if one wants to study penalized nonparametric estimation, it’s (argurably) easier to study repro-
ducing kernel Hilbert space estimators. We’ll see, in fact, that this covers smoothing splines (and thin-plate
splines) as a special case

6 k-nearest-neighbors regression

To motivate kernel methods, we start from: k-nearest-neighbors regression. We fix an integer k > 1 and define

fo =1 YW (14

where Ny (x) contains the indices of the k closest points of X, ..., X, to z.

This is not at all a bad estimator, and you will find it used in lots of applications, in many cases probably
because of its simplicity. By varying the number of neighbors k, we can achieve a wide range of flexibility in the
estimated function f , with small k£ corresponding to a more flexible fit, and large k less flexible.

But it does have its limitations, an apparent one being that the fitted function f essentially always looks jagged,
especially for small or moderate k. Why is this? It helps to write

fl@) => wi(2)Y;, (15)
=1

where the weights w;(z), i =1,...,n are defined as

1/k, if X; is one of the k nearest points to z,
wil@) = 0 else

Note that w;(z) is discontinuous as a function of z, and therefore so is f(x).
The representation (15) also reveals that the k-nearest-neighbors estimate is in a class of estimates we call linear
smoothers, i.e., writing Y = (Y1,...,Y,) € R™, the vector of fitted values

ﬂ = (]E(Xl)avf(Xn)) € an

can simply be expressed as i = SY. (To be clear, this means that for fixed inputs X7, ..., X, the vector of fitted
values [ is a linear function of Y; it does not mean that f (z) need behave linearly as a function of x.) This class is
quite large, and contains many popular estimators, as we’ll see in the coming sections.

The k-nearest-neighbors estimator is universally consistent, which means E | (f(X) — fo(X ))2} — 0 as n — oo,
with no assumptions other than E(Y?2) < oo, provided that we take k = k,, such that k,, — oo and k,/n — 0; e.g.,
k = y/n will do. See Chapter 6.2 of [6].

Furthermore, assuming the underlying regression function fy is Lipschitz continuous, the k-nearest-neighbors
estimate with k = n?/(?*4) satisfies

E[(F(X) = fo(X))?2] S n=2/@. (16)

See Chapter 6.3 of [6]. In fact this is optimal.

6.1 Curse of dimensionality

Note that the above error rate n=2/(2*4) exhibits a very poor dependence on the dimension d. To see it differently:
given a small € > 0, think about how large we need to make n to ensure that n=2/(2t4) < ¢ Rearranged, this says
n > e (2td)/2 That is, as we increase d, we require ezponentially more samples n to achieve an error bound of e.
See Figure 3 for an illustration with e = 0.1

In fact, this phenomenon is not specific to k-nearest-neighbors, but a reflection of the curse of dimensionality,
the principle that estimation becomes exponentially harder as the number of dimensions increases. This is made
precise by minimax theory: we cannot hope to do better than the rate in(16) over Hy(1, L), which we write for the
space of L-Lipschitz functions in d dimensions, for a constant L > 0. It can be shown that

inf s E[(f(X) - fo(X))?| 20+, (17)
f fo€Hq4(1,L)

11
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Figure 3: The curse of dimensionality, with e = 0.1

where the infimum above is over all estimators f. See Chapter 3.2 of [6].

So why can we sometimes predict well in high dimensional problems? Presumably, it is because fy often (approx-
imately) satisfies stronger assumptions. This suggests we should look at classes of functions with more structure.
One such example is the additive model.

7 Kernel Smoothing and Local Polynomials

7.1 Kernel smoothing

Kernel regression or kernel smoothing begins with a kernel function K : R? — R, satisfying

/K(t)dt: 1, /tK(t)dt:O, 0< /tQK(t)dt < o0.

For d = 1, three common examples are the uniform kernel:

K(t) = {;, 2l <1,

0, otherwise,

the Gaussian kernel:

K(t) = exp(—t7/2),

1
Vo
and the Epanechnikov kernel:

41 —t2), if |t <1
Ky = (308 <,
0, else.

For general d, there are two natural ways to extend one-dimensional kernel function to multi-dimensional function.
Given a one-dimensional function Ky : R — R, then one way is
K(t) = Ko(t1) -+ Ko(ta),

and the other way is
Ko([Itl)
K(t)=+———""—.
Ja Ko(l[t])dt

12
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Figure 4: Comparing k-nearest-neighbor and Epanechnikov kernels, when d = 1. From Figure 6.1 of [7]

Gaussian kernel has the property that either way results in the same multi-dimensional Gaussian kernel

K(t) = (27)" % exp (-2"2) .

Warning! Don’t confuse this with the notion of kernels in RKHS methods which we cover later.
Given a bandwidth A > 0, the (Nadaraya-Watson) kernel regression estimate is defined as

" =X\,
f(w)=%K( " >Yl=zwi(ﬂc)Yi (18)

;K (x—hXi) :

where w;(z) = K((z — X;)/h)/ 27:1 K((z — x;)/h). Hence kernel smoothing is also a linear smoother.

In comparison to the k-nearest-neighbors estimator in (14), which can be thought of as a raw (discontinuous)
moving average of nearby responses, the kernel estimator in (18) is a smooth moving average of responses. See
Figure 4 for an example with d = 1.

7.2 Error Analysis

The kernel smoothing estimator is universally consistent (E|f — fol|2 = 0 as n — oo, with no assumptions other
than E(Y?) < o0), provided we take a compactly supported kernel K, and bandwidth h = h,, satisfying h,, — 0
and nhe — oo as n — co. See Chapter 5.2 of [6]. We can say more.

Theorem. Suppose that d = 1 and that f} is bounded. Also suppose that X has a non-zero, differentiable
density p and that the support is unbounded. Then, the risk is

R, = % (/xQK(x)dx>2/( Y (x) +2f5(m)’:((§))>2dx
) UZfK2(x)dx/ dz +0(1n)+o(hi)

nhy, p(x) nh

where p is the density of Px.

13



The first term is the squared bias. The dependence on p and p’is the design bias and is undesirable. We'll fix
this problem later using local linear smoothing. It follows that the optimal bandwidth is h, ~ n~/® yielding a
risk of n=%/°. In d dimensions, the term nh,, becomes nhe. In that case It follows that the optimal bandwidth is
hy = n~ /(449 yielding a risk of n—4/(4+4),

If the support has boundaries then there is bias of order O(h) near the boundary. This happens because of the
asymmetry of the kernel weights in such regions. See Figure 5. Specifically, the bias is of order O(h?) in the interior
but is of order O(h) near the boundaries. The risk then becomes O(h3) instead of O(h*). We'll fix this problems
using local linear smoothing. Also, the result above depends on assuming that Px has a density. We can drop that
assumption (and allow for boundaries) and get a slightly weaker result due to [6].

Theorem. Risk bound without density. Suppose that the distribution of X has compact support and that
Var(Y|X = z) < 0? < 0o for all z. Then

A C
swp Ep [(f(X) = H(XOP] < ek + -2, 19
PeHd(LL) "
Hence, if h < n=1/(4+2) then
Ep [(f(X) = fo(X)?] € g 20
20507 < »

The proof of the above theorem is from Chapter 5 of [6]. Note that the rate n~2/(4+2) is slower than the pointwise
rate n~4/(4+2) bhecause we have made weaker assumptions.

Recall from (17) we saw that this was the minimax optimal rate over H4(1, L). More generally, the minimax
rate over Hy(a, L), for a constant L > 0, is

inf sup Ep |(F(X) = fo(X))?2] 2 020/, (21)
I fo€Ha(a,L)

see again Chapter 3.2 of [6]. However, as we saw above, with extra conditions, we got the rate n~%(4+d) which is
minimax for Hy(2,L). We'll get that rate under weaker conditions with local linear regression.
If the support of the distribution of X lives on a smooth manifold of dimension r» < d then we get the improved

rate n—2/(2a4r)

7.3 Local Linear Regression

We can alleviate this boundary bias issue by moving from a local constant fit to a local linear fit, or a local
polynomial fit.

To build intuition, another way to view the kernel estimator in (18) is the following: at each input z, define the
estimate f (x) = 0, where 6, is the minimizer of

n
X,
Son (555 oo,
, h
=1
over all 8 € R. In other words, Instead we could consider forming the local estimate f () =y + B; x, where &, 3,
minimize
> K (x P ) (¥i—a— 67 X0)".
i=1

over all a € R, 3 € R?. This is called local linear regression.
We can rewrite the local linear regression estimate f(z). This is just given by a weighted least squares fit, so

f(z) =b(z)"(BTQB)"*BTQy,

where b(z) = (1,z) € R¥! B € R** (4D with ith row b(X;), and Q € R™*™ is diagonal with ith diagonal element
K((z — X;)/h). We can write more concisely as f(z) = w(z)TY, where w(z) = QB(BTQB)'b(z), which shows
local linear regression is a linear smoother too.

The vector of fitted values i = (f(x1), ..., f(zn)) can be expressed as

wi(z)TY
=B(B"QB)"'BTQY = SY

=
Il

wn(@)TY

14
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Figure 5: Comparing (Nadaraya-Watson) kernel smoothing to local linear regression; the former is biased at the
boundary, the latter is unbiased (to first-order). From Figure 6.3 of [1]

which should look familiar to you from weighted least squares.
Now we’ll sketch how the local linear fit reduces the bias, fixing (conditioning on) the training points. Compute

at a fixed point =z,
N = wi(x)fo(Xi)
i=1

Using a Taylor expansion of f about x,
E[f(2)] = fo(x) Y wi(x) + Vfolz)" Y (Xi — 2)wi(x) + R,
i=1 =1

where the remainder term R contains quadratic and higher-order terms, and under regularity conditions, is small.
One can check that in fact for the local linear regression estimator f,

Zwl( =1 and Z (z) =0,
i=1

and so E[f(z)] = fo(x) + R, which means that f is unbiased to first-order.
It can be shown that local linear regression removes boundary bias and design bias.

Theorem. Under some regularity conditions, the risk of f is

?/(t /K uquu)> dP(z /K2 du/ *()dP(x) + o(hy, + (nhiy) ™).

For a proof, see [4]. For points near the boundary, the bias is Ch? f{/ (x)+o0(h?) whereas, the bias is Chf}(z)+o(h)
for kernel estimators.

In fact, [3] shows a rather remarkable result. Let R,, be the minimax risk for estimating fo(zo) over the class
of functions with bounded second derivatives in a neighborhood of z. Let the maximum risk r, of the local linear

estimator with optimal bandwidth satisfies
R
1+ 0(1) >~ >(0.896)% 4 o(1).

Tn

Moreover, if we compute the minimax risk over all linear estimators we get % — 1.
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Figure 6: A higher-order kernel function: specifically, a kernel of order /

7.4 Higher-order smoothness

How can we hope to get optimal error rates over Hy(a, d), when o > 27 With kernels there are basically two options:
use local polynomials, or use higher-order kernels

Local polynomials build on our previous idea of local hnear regression (itself an extension of kernel smoothing.)
Consider d = 1, for concreteness. Define f( )= 51 o+ Z] 1 B @’ where 51 0y - ,51716 minimize

zan ("3 X") (vi- 50— Z@Xﬁ)z.
i=1 j=1

over all B, f1, ..., Bk € R. This is called (kth-order) local polynomial regression
Again we can express

f@) = ba)(BTOB) " BTy = w(a)Ty,
where b(z) = (1,z,...,2%), B is an n x (k + 1) matrix with ith row b(X;) = (1, X;,..., XF

Hence again, local polynomial regression is a linear smoother

_ Assuming that mg € H; (a, L) for a constant L > 0, a Taylor expansion shows that the local polynomial estimator
f of order k, where k is the largest integer strictly less than a and where the bandwidth scales as h =< n~—1/(a+1)
satisfies

), and 2 is as before.

E[(F(X) = fo(X))?2] § n20/@e0,

See Chapter 1.6.1 of [9]. This matches the lower bound in (21) (when d = 1)

In multiple dimensions, d > 1, local polynomials become kind of tricky to fit, because of the explosion in terms
of the number of parameters we need to represent a kth order polynomial in d variables. Hence, an interesting
alternative is to return back kernel smoothing but use a higher-order kernel. A kernel function K is said to be of
order k provided that

/K(t)dtzl, /th(t)dtzo, j=1,....,k—1, and O</t’“K(t)dt<oo.

This means that the kernels we were looking at so far were of order 2

An example of a 4th-order kernel is K (t) = 2(3 — 5¢?)1{|¢| < 1}, plotted in Figure 6. Notice that it takes negative
values.

Lastly, while local polynomial regression and higher-order kernel smoothing can help “track” the derivatives of
smooth functions fy € Hy(a, L), a > 2, it should be noted that they don’t share the same universal consistency
property of kernel smoothing (or k-nearest-neighbors). See Chapters 5.3 and 5.4 of [6]
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