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Calculus

Taylor Theorem

1. For α = (α1, . . . , αk), x = (x1, . . . , xk), we define the notations

|α| := α1 + . . .+ αk

α! := α1!× . . .× αk!

xα := xα1
1 . . . xαk

k .

2. (Clairaut’s theorem) If f ’s all k-th partial derivatives are continuous at a, then we can change the order of
derivatives. So we can define the notation below:

Dαf =
∂|α|f

∂xα1
1 · · · ∂xαp

p
, |α| ≤ k.

Theorem. Multivariate Taylor Expansion (다변량 테일러 전개)
If a function f : Rk −→ R has continuous rth partial derivatives on an open set B containing a, then for x ∈ B,

there exists ξ ∈ (a, x) := {λa+ (1− λ)x : λ ∈ (0, 1)} such that

f(x) =
∑

|α|≤r−1

Dαf(a)

α!
(x− a)α +

∑
|α|=r

Dαf(ξ)

α!
(x− a)α.

We can alternatively express as follows: there exist functions hα’s so that

f(x) =
∑
|α|≤r

Dαf(a)

α!
(x− a)α +

∑
|α|=r

hα(x)(x− a)α, lim
x→a

hα(x) = 0,∀α : |α| = r.

A probability space is a triple (Ω,F , P ) where Ω is a set of “outcomes,” F is a set of “events,” and P : F → [0, 1] is
a function that assigns probabilities to events.

Fundamental Theorem of Calculus

Theorem. If f is integrable on [a, b], then the function F : [a, b] → R defined as

F (x) =

∫ x

a

f(y)dy,

satisfies that
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(a) F is absolutely continuous on [a, b].

(b) F is differentiable a.e. on (a, b), and

d

dx
F (x) = f(x) for a.e. x,

(c) In particular, when f is continuous, then

d

dx
F (x) = f(x) for all x ∈ (a, b).

Theorem. Suppose f : Rd × Rk → R is such that f is integrable. Fix x0 ∈ Rd, and suppose ∂f
∂x exists at x ∈

B(x0, ϵ) :=
{
x ∈ Rd : ∥x− x0∥ < ϵ

}
for small neighborhood of x0. Suppose there exists g : Rk → R such that∣∣∣∂f∂x (x, t)∣∣∣ ≤ g(t) for all t, and g is integrable. Then,

d

dx

∫
f(x0, t)dt =

∫
∂

∂x
f(x0, t)dt.

Convexity

Convex set

S : convex set in R-vector space (e.g., Rd)

⇔ ∀x, y ∈ S, {λx+ (1− λ)y ∈ S for any λ : 0 ≤ λ ≤ 1}

Convex set in R :
S : convex set in R ⇔ S : an interval

By an interval, we mean

(a, b), [a, b), (a, b] or [a, b],−∞ ≤ a ≤ b ≤ +∞

Convex function

Let f be a real-valued function defined on a convex set S.

f : convex

⇔ ∀x, y ∈ S, ∀λ : 0 ≤ λ ≤ 1, f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)

f : strictly convex

⇔ ∀x, y ∈ S, ∀λ : 0 < λ < 1, f(λx+ (1− λ)y) < λf(x) + (1− λ)f(y)

Concave function

f : (strictly) concave ⇔ −f : (strictly) convex

Tools to show convexity

(1) f : real-valued on (a, b) with ∃f ′′ on (a, b),−∞ ≤ a < b ≤ +∞.
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f : convex ⇔ f ′′(x) ≥ 0 ∀x ∈ (a, b)

f : strictly convex ⇔ f ′′(x) > 0 ∀x ∈ (a, b)

(2) f : real-valued on an open convex set S ⊂ Rd with ∃∇2f on S

f : convex ⇔ ∇2f : non-negative definite on S

i.e. a⊤∇2f(x)a ≥ 0, ∀a∀x ∈ S

f : strictly convex ⇔ ∇2f : positive definite on S

i.e. a⊤∇2f(x)a > 0, ∀a ̸= 0∀x ∈ S

(3) f : convex on a convex set S with f(S) being convex.
g : convex and non-decreasing on f(S)

⇒ g ◦ f : convex on S

First and second order characterizations of convex functions

Suppose f : S ⊂ Rd → R is twice differentiable over an open set intS(=the largest open subset of S). Then, the
following are equivalent:
(i) f is convex.

(ii) f(y) ≥ f(x) +∇f(x)⊤(y − x), for all x, y ∈ intS.
(iii) ∇2f(x) ⪰ 0, for all x ∈ intS.

First and second order characterizations of strictly convex functions

Recall that a fuction f : S → R is strictly convex if ∀x, y, x ̸= y,∀λ ∈ (0, 1),

f(λx+ (1− λ)y) < λf(x) + (1− λ)f(y).

Like we mentioned before, if f is strictly convex, then f is convex (this is obvious from the definition) but the
converse is not true (e.g., f(x) = x, x ∈ R ).

Second order sufficient condition:

∇2f(x) ≻ 0, ∀x ∈ intS ⇒ f strictly convex on S

The converse is not true though (why?).
First order characterization: A function f is strictly convex on S ⊆ Rn if and only if

f(y) > f(x) +∇f(x)⊤(y − x), ∀x, y ∈ intS, x ̸= y

References

3


