Overview of Supervised Learning

AR (Jisu KIM)

SAA 7| A5 (Statistical Machine Learning), 2026 15}7] (spring)

The lecture note is a minor modification of the lecture notes from Prof. Yongdai Kim’s “Statistical Machine
Learning”.Also, see Section 2.1-2.6, 2.9 from [I].

1 Statistical Machine Learning

There are several fields in machine learning.
e Supervised Learning (X &= 5H<5)

— Predict outcome variable (&2 ¥ <4*) using input variable (Y2 HS)

— 3]H(regression), -5 (classification), etc
e Unsupervised Learning (H] ] & 5}H<5)
— Clarify relations within input variables.
— - EA (clustering), FAE-EA (principal component analysis), & Q1124 (factor analysis), etc
e Reinforcement Learning (733}5}%)

— Learn decision making where environment changes according to actions

— multi-armed bandit problem, markov decision process, etc

This class mostly covers supervised learning.
Data(#t=) always comes with random noise(-2). To see the effect of random noise and whether the algorithm
works correctly, we need statistical analysis. In machine learning, statistical theory provides the following:

e understanding overfitting (32 ¢)
e understanding curse of dimensionality (XFg2] #=)

e statistical theory for algorithm: consistency(Q*|A), optimality(Z]Zg}), uncertaintly quantification(&&-44

of F3h)

2 Basic Model for Supervised Learning

e Input(J ) / Covariate(dd W) : x € RY, s0 2 = (21, ..., 24)-

e Output(&32]) / Response(HI-S ) y € V. If y is categorlcal then supervised learning is “classification”,

and if y is continuous, then supervised learning is “regression”.
e Model(2¥) :
y = f(z), feM.
If we include the error € to the model, then it can be also written as

Y= ¢(f(x)v€)

For many cases, we assume additive noise, so

y=flz)+e



e Assumption(7}4): f belongs to a family of functions M. This is the assumption of a model: a model can be
still used when the corresponding assumption is not satisfied in your data.

e Loss function(£4 $F): £(y,a). A loss function measures the difference between estimated and true values
for an instance of data. The most common ones are:

— square: £(y,a) = (y — a)?.

- 0—-1: l(y,a) =1(y # a).

e Training data(St5 A= ): T = {(yi, x;),i = 1,...,n}, where (y;, z;) is a sample from a probability distribution
P;. For many cases we assume i.i.d., or x;’s are fixed and y;’s are i.i.d..

e Goal(F3]): we want to find f that minimizes the expected prediction error,
0 .
- Ey xyop [0V, F(X))] .
f arg}f}gg (Y, X)~P [ (Y, f( ))]
Here, F can be different from M; F can be smaller than M.

e Prediction model(of|Z 2&): f0 is unknown, so we estimate fO by f using data. For many cases we min-
imizes on the empirical prediction error, that is taking the expectation on the empirical distribution P, =

% Z?:l 5(Yi7Xi)'

. 1 <&
_ inEp [0V, f(X))] = in— > (Y, f(X;)).
f=argminEp, [((Y, [(X))] = argmin ;:1 (Y3, f(X3))
e Prediction(]%): if f is a predicted function, and  is a new input, then we predict unknown y by f(z).

3 Linear Regression Models and Nearest Neighbors
From the additive noise model

y:f(x)+€,f€M7
Linear Regression Model (A& S| AHEE) is that

d
M=F= 50+Zﬁj$jZBjER

Jj=1

For estimating 3, we use least squares method (Z|AA|FH): suppose the training data is {(y;, z;;) : 1 <i<n,1 <
j < d}. We use square loss
E(y, (l) = (y - a)Qa

then the empirical loss (7 @24 £4!) becomes the residual sum of square (RSS, ZF2}A4|53}) as

RSS(P)

> (i = fl@)?
i=1

n d
=> |vi— 80— wiB
i=1 j=1
Let 3 = (BO, Bi,... ,Bd) be the minimizer of RSS, then the predicted function is

d
f(x) = BoJrZBjxr

Jj=1

k-Nearest Neighbor(k-NN, k-Z| 23 ©]-%) is to use those observations in the training set 7 closest in input space
to z to form f(x). For an input & € RY, let N(x) be the neighborhood of = defined by the k closest points among

the training sample x1,...,x,. Then the predicted function for k-nearest neighbor is
P 1
flx) = i Z Yi-
z,ENy (x)



4 Statistical Decision Theory

Let the training data 7 = {(y;,2;),i = 1,...,n} be i.i.d. from P, or y|X = z is i.i.d. (weaker). For the regression,
the most common loss is the square loss

K(yv a’) = (y - a)Q'
Then the Risk (&) or Expected Prediction Error (EPE, H#9Z 92} is

R(f) =E,x)up LY, f(X)] =E[(Y — f(X))?]
=Ex [Eyx [(Y — f(X))*|X]]-

Then
Eyix [(Y = FOOPIX] = Bypx [(V — E[YIX]) IX] + (E[YX] - £(X))?,

so R(f) is minimized when f°(x) = E[Y|X = x]. This conditional expectation is called the regression function
(3]AT=). Still, E[Y|X = 2] is usually unknown.
The nearest neighbor (=% ©]%) directly implement this.

f(x) = Ave (yilz; € Nie(w)),

where “Ave” denotes average, and Nj(z) is the neighbor containing the k points in 7 closest to z. Two approximations
are happening here:

e expectation is approximated by averaging over sample data;
e conditioning at a point is relaxed to conditioning on neighbor of x.

In fact, under mild regularity conditions on the joint probability distribution P(X,Y’), one can show that as
n,k — oo such that k/n — 0, then
flx) = E[Y|X =2].

The condition k/n — 0 means that the model complexity k should grow slower than the sample size n.
For linear regression (A& $]7), we assume that the regression function is approximately linear. For notational
convenience, write x = (1,21,...,74)' so that the constant is also included in z. Then we assume

d
EY|X =z]~z'f= Zﬁjxj.
j=0
This is a model-based approach - we specify a model for the regression function. Let
8= (BIXXT]) " E[xY],
then the risk becomes

E[Y - X787 =E[(v - XT5.)°| +E[(X 5. - X75)"],

So B is minimizing the risk. And the least square B = (XTX)™1XTY can be thought as the average over empirical
distribution (@24 E3L) of training data.
For the classification so that y € Y = {0,..., K — 1}, the risk is

R(f) = Ew,x)~p LY, (X)) = E[IY # f(X))]

K-1
=Ex (G, (X)) PY = jX)
3=0
Hence the risk R(f) is minimized when
K—1
f'(x) = arg, _min ]Z::O (G, k)P(Y = j|X = ).



For the classification, the most common loss is the 0-1 loss

U(y,a) = I(y # a).
And the optimal prediction function is

0 .
= P(Y = j|X = a).
fiz) =arg, max P =jlX=ux)

This optimal classifier is called Bayes rule / Bayes classifier (H]0]|Z 825 / H|0]Z R ), and the error rate is called
the Bayes risk (H]o]Z2¢&). Still, P(Y = j|X = z) is usually unknown.
Again, k-NN (k-Z|Z3 0]%) can directly approximate Bayes rule. The conditional probability P(Y = j|X = x)
is approximated as
> Iy =),

z; ENg (Z)

el

so k-NN classifier becomes

f(a:) =arg max Z I(y; = j)

j=0,.., K1

5 Curse of Dimensionality

Suppose X = (X1,..., Xq) ~ Uniform(]0,1]%). Suppose we want to set a hypercubical neighbor of a target point
x € [0,1)? to capture a fraction 7 of the observations. For this, the side length of the hypercube should be

eq(r) = P/,
€10(0.01) = 0.63 and e10(0.1) = 0.80, so to capture 1% or 10% of the data to form a local average, we must cover

63% or 80% of the range of each input variable. Such neighbor is no longer “local”.
Consider X = (Xi,...,Xq) ~ Uniform(Bga(0,1)), where Bga(0,1) = {z € R? : ||z||, < 1} is the unit ball in

R?. For i-th data X; = (X;1,. .., Xia), Ri == 1/2?21 ij is the distance of X; to the origin, and R(;) = mini<;<, R;

is the distance from the origin to the nearest neighbor. Then R/y) is also a random variable, and the median of R
is

Med(Rey) = (1 - (1/2)7) "

If n = 5000 and d = 10, then Med(R)) =~ 0.52, more than halfway to the boundary. Hence most data points are
closer to the boundary of the sample space than to any other data point. This presents a problem since prediction
is much more difficult near the edges of the training sample.

Beyond statistical difficulty for inference, high dimension is very counter-intuitive: reference https: / /marckhoury.github.io /blog
properties-of-high-dimensional-space /

Consider a square with side length 1. At each corner of the square place a circle of radius 1/2, so that the
circles cover the edges of the square. Then consider the circle centered at the center of the square that is just large
enough to touch the circles at the corners of the square. In two dimensions it’s clear that the inner circle is entirely
contained in the square.

We can do the same thing in three dimensions. At each corner of the unit cube place a sphere of radius 1/2,
again covering the edges of the cube. The sphere centered at the center of the cube and tangent to spheres at the
corners of the cube is shown in red in Figure[3] Again we see that, in three dimensions, the inner sphere is entirely
contained in the cube.

To understand what happens in higher dimensions we need to compute the radius of the inner sphere in terms
of the dimension.

(the radius of the inner sphere) = (the length of the half diagonal of the cube)—(the radius of the spheres at the corners).

The radius of the inner sphere is equal to the length of the diagonal of the cube minus the radius of the spheres at
the corners. See Figure . The half diagonal length is v/d/2, and the latter value is always 1/2, and hence the radius
of the inner sphere is

Vd—1
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https://marckhoury.github.io/blog/counterintuitive-properties-of-high-dimensional-space/
https://marckhoury.github.io/blog/counterintuitive-properties-of-high-dimensional-space/
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Figure 1: The curse of dimensionality is well illustrated by a subcubical neighborhood for uniform data in a unit
cube. The figure on the right shows the side-length of the subcube needed to capture a fraction r of the volume
of the data, for different dimensions p. In ten dimensions we need to cover 80% of the range of each coordinate to
capture 10% of the data. Figure 2.6 from [I].

Figure 2: At each corner of the square we place a circle of radius 1/2. The inner circle is just large enough to touch
the circles at the corners. Figure 1 from [2].



Figure 3: In three dimensions we place a sphere at the each of the eight corners of a cube. Figure 2 from [2].

Diagonal grows

as Vd/2

But the radii of
the spheres on the
cube are constant!
They’re always 1/2!

Radius of inner sphere is the diagonal
minus the radius of sphere on cube

Figure 4: The size of the radius of the inner sphere is growing as the dimension increases because the distance to
the corner increases while the radius of the corner sphere remains constant. Figure 3 from [2].
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Figure 5: Test and training error as a function of model complexity. Figure 2.11 from [IJ.

When d < 3, \/32_1 < % and the sphere is strictly inside the cube. However in four dimensions, the radius of the

inner sphere is @ = %, so the inner sphere touches the sides of the cube. In five dimensions, the radius of the
inner sphere is 0.618034, and the sphere starts poking outside of the cube! By ten dimensions, the radius is 1.08114

and the sphere is poking very far outside of the cubel!

6 Overfitting and the Bias-Variance Tradeoff

In k-Nearest Neighbor, the neighbor size k determines the complexity of the prediction model. To choose k, if we
know the probability distribution (Y, X) ~ P, then we can minimize the risk ($]¥)

Ey,x)~p [€(Y, f(X))].
However, P is usually unknown. One way to estimate risk is by Training Error (TE, k<&@ 2})

LS o sx),

i=1

where the training data 7 = {(Y;, X;) :i =1,...,n}.

However, training error always underestimates prediction error (¢|Z 2 }), since the same dataset T is used for
estimating the prediction model and estimating prediction error. Better estimation for the prediction error is the
test error, where the prediction error is computed on the separate test data. The typical behavior of the prediction
error on the test set is as in Figure[5] As the model becomes more complex, the prediction error first decreases but
then increases, while test error monotonically decreases. Hence, when the model is chosen according to the training
error, then the prediction error can be large: this is called overfitting (Z+2g}). This phenomenon is explained by
the bias-variance tradeoff.

Suppose the regression model

Y = f(X) +6,

with E[¢] = 0 and Var [e] = 0%, and we use the square loss £(y,a) = (y —a)?. Let f(X,T) be the predicted function



trained on the training set 7. Then the risk for f(X,7) is

R(f) =E[(Y = /(X,T))?]
=E[(Y ~ fOOP] +E[(f(X) = F(X.T))]
= 0* + Ex [((X) - By [f(X, T)IX]?] + Ex [Er [(/(X,T) - Br [(X,T)|X))*|x]|
= 0” + Ex [Biast(X)? + Variancer(X)] .

Then
Eyix [(¥ — F(X))1X] = Eypx [(V ~ E[YIX])? |X] + B[¥]X] - F(X)*,

In general, as the model becomes more complex, then the bias(¥H 2]) decreases and the variance(4F) increases.
For k-Nearest Neighbor,

k
fla) = f( %Z flxwy) +ewy),

where (1) is the index for [-th nearest neighbor. Then the bias and variance becomes

k
1
Biast(z) % Z (z()
and
: o’
Variancer(xz) = =

When k& = 1, then the bias is minimized and the variance is maximized. On the other hand, when k = n, then the
bias is maximized and the variance is minimized.

7 Comparison of Linear Regression with Nearest Neighbors

Below is the code for comparing linear regression with nearest neighbors. We measure the performance by Mean
square Error (MSE, B A& 2%})
1 n
ﬁ Z(Yz - f(XZ))2
i=1

either on training data or test data.
require(caret)

## Loading required package: caret
## Loading required package: ggplot2
## Loading required package: lattice

mse <- function(y_pred, y_true) {

return (mean((y_pred - y_true)~2))
}

linear_knn_compare <- function(data_train, data_test) {
par(mfrow = c(2, 2))

model_lr <- 1lm(y ~ x, data = data_train)
plot(data_train[["x"]], data_train[["y"]], main = "Linear Regression",
xlab = "x", ylab = "y", pch = 16)
abline(model_1lr)
cat(c("MSE of Linear Regression on Training:",
mse(data_train[["y"]], predict(model_lr, newdata = data_train)), "\n"))
cat(c("MSE of Linear Regression on Test:",
mse(data_test[["y"]], predict(model_lr, newdata = data_test)), "\n"))

for (k in c(1, 5, 15)) {



model_knn <- caret::knnreg(y ~ x, data = data_train, k = k)
plot(data_train[["x"]], data_train[["y"]],

main = paste("Nearest Neighbor with k =", k), xlab = "x", ylab = "y",
pch = 16)
lines(data_train[["x"]], predict(model_knn, newdata = data_train))
cat(c("MSE of Nearest Neighbor with k =", k, "on Training:",
mse(data_train[["y"]], predict(model_knn, newdata = data_train)),
"\n"))
cat(c("MSE of Nearest Neighbor with k =", k, "on Test:",

mse(data_test[["y"]], predict(model_knn, newdata = data_test)), "\n"))

Suppose we have 100 training data and 900 test data, and e ~ N(0,1).

set.seed(0)

x <- rnorm(1000)

ep <- rnorm(1000)

train <- sort(x[1:100], index.return = TRUE) [["ix"]]
test <- 101:1000

First, we consider the simulation
Y= +e€.

The result is as follows:

| Method | MSE on Training | MSE on Test |

Linear 1.0447 1.1621
1-NN 0 2.0972
5-NN 0.9381 1.2779
15-NN 1.0053 1.2757

#y==x + ep

y_1 <- x + ep

data_l_train <- list(x = x[train], y = y_l[train])
data_l_test <- list(x = x[test], y = y_1l[test])

linear_knn_compare(data_l_train, data_l_test)

## MSE of Linear Regression on Training: 1.04471978605025

## MSE of Linear Regression on Test: 1.16212381385859

## MSE of Nearest Neighbor with k = 1 on Training: 0O

## MSE of Nearest Neighbor with k = 1 on Test: 2.09716012610056

## MSE of Nearest Neighbor with k = 5 on Training: 0.938067727758741
## MSE of Nearest Neighbor with k = 5 on Test: 1.27788806945154

## MSE of Nearest Neighbor with k = 15 on Training: 1.00528738504805
## MSE of Nearest Neighbor with k = 15 on Test: 1.27565679650095



Linear Regression Nearest Neighbor with k =1
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Second, we consider the simulation
y=z(1l—z)+e

The result is as follows:

Method \ MSE on Training \ MSE on Test

Linear 2.4477 3.2330
1-NN 0 2.2437
5-NN 1.1955 1.7266
15-NN 1.5284 2.0868

y_q <- x * (1 - x) +ep
data_q_train <- list(x = x[train], y
data_qg_test <- list(x = x[test], y =

= y_qltrain])
y_qltest])
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linear_knn_compare(data_q_train, data_q_test)

## MSE of Linear Regression on Training: 2.44774751766011

## MSE of Linear Regression on Test: 3.23304666428842

## MSE of Nearest Neighbor with k = 1 on Training: O

## MSE of Nearest Neighbor with k = 1 on Test: 2.24369404278609

## MSE of Nearest Neighbor with 5 on Training: 1.19552889833504
## MSE of Nearest Neighbor with k = 5 on Test: 1.72664570974827

## MSE of Nearest Neighbor with 15 on Training: 1.52842407126519
## MSE of Nearest Neighbor with 15 on Test: 2.08680791517323

R R R
|

Linear Regression Nearest Neighbor with k = 1

>
<
|
o0
|
N
o
>

From the simulations, we can compare Linear Regression vs Nearest Neighbor as follows:
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’ Method \ Linear Regression Nearest Neighbor

Assumption Linear X
Required Data Size (Relative) Small Large
Interpretation Easy Impossible
Prediction Good if Linear is satisfied, Bad otherwise | works regardless of assumptions
Tuning Parameter X neighborhood size k

Also, we can see that:
e training error is not a good estimate of prediction error.
e As model complexity grows, we can see bias-variance tradeoff

e Neighborhood size k determines the model complexity of Nearest Neighbor
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