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Millennium Run
10.077.696.000 particles » |
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ot 2tz FAM(Topological Data Analysis) 2 S|4
(m] o) e oo
1 7| Alet50e] 88 ARLIC
> QASHA 242 2 (Topological Data Analysis) 274
» Computational Topology: An Introduction (Edelsbrunner, Harer,

2010)
» Topological Data Analysis (Wasserman, 2016)
» An Introduction to Topological Data Analysis: Fundamental and
Practical Aspects for Data Scientists (Chazal, Michel, 2021)
> S22 X|(homology)E& EAX=Z 25t7|
> Statistical Inference for Cluster Trees (Kim, Chen, Balakrishnan,
Rinaldo, Wasserman, 2016)
» Persistent HomologyS S44 o2 245}7|
» Confidence sets for persistence diagrams (Fasy, Lecci, Rinaldo,
Wasserman, Balakrishnan, Singh, 2014)
> 2Astd 2tE 2 (Topological Data Analysis)2 7|Alet50 S&
» A Survey of Topological Machine Learning Methods (Hensel, Moor,

Rieck, 2021)
» Efficient Topological Layer based on Persistence Landscapes (Kim,
Kim, Zaheer, Kim, Chazal, Wasserman, 2020)
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agio| JAE 7|55H CIAS S 8225 £ 9laL|C)

> 7|55t ChALS:
> 7, L,Cc,2,0,H, A,0, X, %, 3, E, I,
> AT b

> o2 20N YS2| eSS 44 DAY
1. fo =QZ& d&2| I ®

?_
3. B, =23} 2o Yol e
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oA thefs= ==2(0| tet 2F LT

1. o —oizg ool s @

\‘/\\
2. py =129 % U

[JoNp [ 0 [ 1 [2]
a,L,c,2, o,0, d, »H
1 A,Z,AE o, A
2 =2, F
L3 ] L s [ ]
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2 =2X|(homology)E SAXL2 LT

> Statistical Inference for Cluster Trees (Kim, Chen, Balakrishnan,
Rinaldo, Wasserman, 2016)
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$227|(homology)S S H22 233517
22 LF2(Cluster Tree)2} 0|2 EA X2 2H35}7|
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ARE S22 FAf gL

> Statistical Inference for Cluster Trees (Kim, Chen, Balakrishnan,
Rinaldo, Wasserman, 2016)
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st shAEol ufet ChE ZEOl 42 4 AU
> Statistical Inference for Cluster Trees (Kim, Chen, Balakrishnan,

Rinaldo, Wasserman, 2016)

> 22 (local) 0|1 AN HEE DASD AOH (2 HYE)
2te Joo| ore ARI0| AZIL|C}.

> CHH 2 (global)O| 1 7H2HZQl FEE QALSID AloH (U4
SHAE), 2 29 A2 2Yo| MZuct
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T =9 HES A UHFE Lt 28 UF

(cluster tree)
> Statistical Inference for Cluster Trees (Kim, Chen, Balakrishnan,
Rinaldo, Wasserman, 2016)
> CIE +32| SHMEZ2RH HOR = 2SS e 2A0f 2fsH
apeinzte HESITTE LI,
> Z5 A HEQSE LIR2 BE £ JAFUCH 23 LR (cluster
tree)
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Z LIS (Cluster Tree)z 1L E 2 S2| AlS
elL|Ct,
Definition
F0{2l gk po| @R LR (Cluster Tree) T, : R — P(X)= 2f
215
L]

Al2h ADITE SI2f8 213 {x : p(x) > \}Q] HAHLEESO| 20| T,(N)
EZN tHEx= ettt

13 /49



e
2z

) LIZ(Cluster Tree)= YT 22| A S
Y LICE
Definition
2017 Y=gt po| F LI2(Cluster Tree) T, : R — P(X)= 2t
215 |
Y

AL ADICE 1208 2B (x: p(x) > O] AAREESO] ZBO| T,())
24 Th2 s ST
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Z LIS (Cluster Tree)z 1L E 2 S2| AlS
elL|Ct,
Definition
F0{2l gk po| @R LR (Cluster Tree) T, : R — P(X)= 2f
215
L]

Al2h ADITE SI2f8 213 {x : p(x) > \}Q] HAHLEESO| 20| T,(N)
EZN tHEx= ettt

13 /49



e
2z

Z LIS (Cluster Tree)z 1L E 2 S2| AlS
olL|ct
Definition
20|13 U4 po| 2 L2 (Cluster Tree) T, : R — P(X)= 2t
s
L

A ADICH S22
SH ThSElE B4

215F {x 1 p(x) > A}l AHEEES0 2/50] T,())
Ct.
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Z LIS (Cluster Tree)z 1L E 2 S2| AlS
elL|Ct,
Definition
F0{2l gk po| @R LR (Cluster Tree) T, : R — P(X)= 2f
215
L|

Al2h ADITE SI2f8 213 {x : p(x) > \}Q] HAHLEESO| 20| T,(N)
EZN tHEx= ettt
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py =2 12
L2 2 =& L C} O] ),

Je2|2 MEIHEE T2 SAMLE ot Bt2|E0| 1,0 S22
dolgct, =,
Co={T:d(T, Tp) < ta}
Theorem

(Theorem 3) /9] £12|Zgt €, S C}SS PIEEILICK

P(Theéa> —1-a+0 <'°g7”>1/6

nhm
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Yingyang data, n = 3200

Mickey mouse data, n = 1200

Ring data, n = 1200

Yingyang data, alpha = 0.05

Mickey mouse data, alpha = 0.05

wo 200 woo Se00 o

wpque

|

w60 sszo

epau
e —
s
o 3
o s0 00 so- o 6250 wzo wzo o
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Persistent HomologyS SA44 22 24 5}7|
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Persistent homology+= &
AASED, SS2A|71 A
e

50| RN FB22S
Al LEILIR ARRIZIEA]

Sample, r=0.1
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Persistent homology= & g=2| ZRANM S =Z2X|E

Atetl, =27t

IS

r=0.5 : 1XF&
2ol 4

Al LIEFLELL AtetA| =]

Sample, r=0.5
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Persistent homology—= &Ief=2| ZA0M S =ZX|E
HASELD, SS2A|7F AHA| LIEFLILD AR | =4

7| =L

r=0.5: 1A r=1: 152
THOo| 4 T&Ho| g H

Sample,r=1
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Persistent homology+= &
AASED, SS2A|71 A
e

50| RN FB22S
Al LEILIR ARRIZIEA]

* 0 dim (components)

r=0.5: 1X}& r=1: 1At Persistent I:Iomology
F¥o 47 PR
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I

|3 FEO| A HEE 2E5t Cof HUT2H
(kernel density estimator)= AFEgrL|C}.

> SHA G =X (kernel density estimator)2 CtS2} Z& L Ch

A 1 : X—X,'
Ph(X):nhdZK< h )
i=1

23 /49



Persistent homology—= &Ief=2| ZA0M S =ZX|E
HASELD, SS2A|7F AHA| LIEFLILD AR | =4
T

level = 0.2

-

-

05 10 15

L T T 1T
15 05 05 10 15

EEL
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Persistent homology—= &Ief=2| ZA0M S =ZX|E
HASELD, SS2A|7F AHA| LIEFLILD AR | =4
T

level =0.15
level =0.15
w
- o
= =
A (=]
o A o
“ o ‘ \
4 =
- 4
7] 0
4 - 2 7
o | . -
[ B e B B R 2
A5 05 05 10 15 LA S B S
45 05 05 1.0 15
o
1=0.15 : 1AtZ
e SEELE

3ol 42
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Persistent homology—= &Ief=2| ZA0M S =ZX|E
HASELD, SS2A|7F AHA| LIEFLILD AR | =4
T

level = 0.15 level =0 level =0
e £ 3
- -
K _[ T T T T T T o "
-15 -05 05 10 15 -15 0.5 05 10 15 A5 05 05 10 15
o o
L=0.15 : 1K} L=0: 1Kt& ol 3y Al S
A = HdHe
FYol 4z | FYO| gofH

26 /49



Persistent homology—= &Ief=2| ZA0M S =ZX|E
HASELD, SS2A|7F AHA| LIEFLILD AR | =4
T

05 10 15

05

15

level = 0.15

~

-

T I 1 T T T T
-15 05 05 10 15

L=0.15 : 1K} 2
JHO| AEZ

level =0

05 10 15
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Fotot A=z 9| Persistent homologyZ2FE 7|2 7t 9|

2 =Z2St A OIAL_||_'_|-

Persistent homologyS& =8¢

Birth
0.00 0.10 0.20 0.30

Circle

1 T T T 1T 1
0.00 0.10 0.20 0.30
Death

T

Birth
0.00 0.10 0.20 0.30

100 samples

T T T T 71 1
0.00 0.10 0.20 0.30
Death
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Fotot A=z 9| Persistent homologyZ2FE 7|2 7t 9|

2 =Z2St A OIAL_||_'_|-

Persistent homologyS& =8¢

Birth
0.00 0.10 0.20 0.30

Circle

1 T T T 1T 1
0.00 0.10 0.20 0.30
Death

T

Birth
0.00 0.10 0.20 0.30

150 samples

T T T T 71 1
0.00 0.10 0.20 0.30
Death
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Fotot A=z 9| Persistent homologyZ2FE 7|2 7t 9|

2 =Z2St A OIAL_||_'_|-

Persistent homologyS& =8¢

Birth
0.00 0.10 0.20 0.30

Circle

1 T T T 1T 1
0.00 0.10 0.20 0.30
Death

T

Birth
0.00 0.10 0.20 0.30

200 samples

T T T T 71 1
0.00 0.10 0.20 0.30
Death
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Fotot A=z 9| Persistent homologyZ2FE 7|2 7t 9|

2 =Z2St A OIAL_||_'_|-

Persistent homologyS& =8¢

Birth
0.00 0.10 0.20 0.30

Circle

1 T T T 1T 1
0.00 0.10 0.20 0.30
Death

T

Birth
0.00 0.10 0.20 0.30

500 samples

T T T T 71 1
0.00 0.10 0.20 0.30
Death
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Birth
0.00 0.10 0.20 0.30

Circle

1 T T T 1T 1
0.00 0.10 0.20 0.30
Death

Birth
0.00 0.10 0.20 0.30

T T T T 71 1
0.00 0.10 0.20 0.30
Death
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Bottleneck distance= Persistent homology &70f| 2]

|:|_I_E =)

Definition

Dy, D& & Persistent homology2t1! 5t3H, Bottleneck distances=
Cta2t &0| Zel&EL o

Woo (D1, D2) = inf sup [[x — v(x)|[c
Y xeD,

ol M, y= DiMIM D2 7t 2E LHLSO| E 4+~ USHCE

Circle 100 samples

o o

® @ e °

o o

o o

N N

5 o 5 o

— —

o o

o (=]

o o

(=] =)

0.00 0.10 0.20 0.30 0.00 0.10 0.20 0.30

Death Death
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Bottleneck distance= Persistent homology &7

|:|_I_E =)

Definition

Dy, D& & Persistent homology2t1! 5t3H, Bottleneck distances=

CHaat 20| golgL/th

Woo (D1, D2) = inf sup [[x — v(x)|[c
Y xeD,

ol M, y= DiMIM D2 7t 2E LHLSO| E 4+~ USHCE

Birth
0.00 0.10 0.20 0.30

Y xeDy

[ T T T T T 1
0.00 0.10 0.20 0.30
Death

ZHo|

Hel

inf sup ||x — v(x)]|cc = 0.1
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Persistent homology2| AI2||= Persistent homologyS

o sL= Sl SL=2H A

== 52 Zolote SEHFYLIO
7|4 M1} 2= X2l Persistent homologyE 2t2f Dgm(M)z2t Dgm(X)
24T ESUCE Q247 a < (0,1)7} ZOIHE T, (1 - a) A2/
cn = cn(X)= T3S UEote SEHSYLCH

=

P (W (Dgm(M), Dgm(X)) < c,) >1-—«a.

Circle 500 samples
o o
(3] (3]
IS o
o o
~N N
5 o 5 o
- -
[} ® 0dim =}
A 1dim
o o
o o
o T T T T T 1 o
0.00 0.10 0.20 0.30 0.00 0.10 0.20 0.30
Death Death
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Persistent homologyQ| AI2|(|= RAEMOZ 2|
OIAL_l |___|-

r
3
_|

L FORI A2 X = {x,...,x,}OlM SHUE=ZH (kernel density
estimator) pp = 7=||M3"L-| C}.

20 X = {xt, .. ) BEE X = (..., x'}2 BY2251D, X9
ALY p; S AU, 6% = Vnhd|| 57 (x) — pa(x)||cS
H|AFStL|CL.

3. MOAIZ BY BHESO] 0;,...,052 AELICL

4 BRA% 20 =infiq: 37, 1(6; > q) < a}a AL

5. E[prlo] (1 - ) MITIE (5 — fas, py+ 2|0l GLICH
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ological Data Analysis)S 7|7|st&0] 28
0|25t £/d(Feature) Bt=7|

37 /49



7| Alet& (machine learning) (OFF) CH= &7

v

F0{2 2H|2t 2t=0f|M, 7| A& (machine learning) /
(deep learning)2 DY7HEHEl 23 (parametrized model)S BH&EILIC.

012 2= X,

OH7HSHel 23 (parametrized model) fy,

2A|0f 2|2l &A%t (loss function) L,

J|AstE 2 EHESE 2|Asehe SHE ALHEUCH

arg ming L(fy, X).

> OL2 AL Z|AsHo| HA|A HEl(explicit formula)E Fote A
=2/tsotAL U T YL CHeg. 2 HAHZES AL). [etA,
VoL(f, X)ZE O| S HAIR(gradient descent)=2 ALEEILICE:

vvyy

Opi1 = Op — AV L(fy, X).

38 /49



> A Survey of Topological Machine Learning Methods (Hensel, Moor,
Rieck, 2021)

> 2oty 2tz 242 7|AES0 SE5t= Hole 32 = 7HA]
YLO| UAFLICE
> HStA 22 FAS 0| 8510 E4(feature)S 2HS0], AtZ XOf
slgeial E4S 27ttL: Cof 2ot WA
» PLLay: Efficient Topological Layer based on Persistence Landscapes
(Kim, Kim, Zaheer, Kim, Chazal, Wasserman, 2020)
> &84 (loss function) £Of| @|&feta &4 D25ty 22 25
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ological Data Analysis)S 7|7|st&0] 28
0|25t £/d(Feature) Bt=7|
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. =2 = =
Persistent homologyE ot tH G QO FE2|E &1t
— SIA 1 A
F= ot 3700 s Lot
» Persistent homology2| 272 T2 o=z B5t0] 7|A5ts
Yune|E 20| Agsh = :
> Persistent homologyS St H O QUM R22|=
S0 22 VA S5l Y|S0l Argst/| Hefc
» Persistence Landscape, Persistence Silhouette, Persistence Image S
o2 YYol AU L
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3
e |'H
rr
ook
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Persistent Homology
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— A
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|
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0.0

0.0 0.5 1.0 1.5
Birth 41 /49



Persistence Landscape Persistent homology2| ot

gerglLc

Death

0.5

15

1.0

0.0

Persistent Homology

3

0.0 0.5 1.0 15
Birth

(Death-Birth)/2

-04 00 04 038

Persistence Landscape

o

A
e

I I
0.5 1.0

(Birth+Death)/2

1
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Persistence Landscape2 & 2|4F&tM Z(topological layer)
o= 7|
1. A& X0 2G5t simplicial complex K2} St4 f& MEHS}HO]
Persistent Homology DE A|AtetL|Ct.
2. D2EE] Landscape ) : N x R — RS AH|4AFgtL|CY.
3. l]H7H AL w € RFm=& 0| 2510 7t2H A&
Du(t) = o007 widi(£)S ALY
4. \,2 HESI5I0] A, € R™S BFSL|CE
5. O7HetEl O|27tse & gy : R” — RS AFESHY,
S0..(D) = go(\)E 74|ﬁ§'—|£f

Input

Persistence Landscapes
Q Persistence Diagram D M
Q#E = N (Y
O JEREEEE T | v ANE
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Persistence Landscape2L &

el

Accuracy for MNIST data

o
o
)

Accuracy
o
iy
)

0.6 1

0.0 01 02 03

Corrupt and noise probability

Sd for MNIST data

0.151
5 0.104
® 0.05

0.00-

o|AbHA

—

Accuracy for ORBIT5K data

Accuracy

01 02 03
Corrupt and noise probability

Sd for ORBIT5K data

0.151
5 0.10
® 0.054
0.001

Z(topological layer)

MLP

- MLP+S

MLP+P
CNN

- CNN+S

CNN+P

- CNN+P()
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?le

i

Hd 2t& 4 (Topological Data Analysis) 27}

2 822|(homology)E S22 235}7|
3 LF2(Cluster Tree)2} O|& 074|&-I|9§ 22517

Persistent HomologyS S4|2 22

ox

57|

i

Topological Data Analysis)S 7|4|8t&0] 28
et 2tz -E-’S.'% 0|85t S-d(Feature) 2t57|
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Frédéric Chazal and Bertrand Michel. An introduction to topological
data analysis: Fundamental and practical aspects for data scientists.

Frontiers Artif. Intell., 4:667963, 2021. doi: 10.3389/frai.2021.667963.
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Frédéric Chazal, Vin de Silva, Marc Glisse, and Steve Oudot. The
structure and stability of persistence modules. arXiv preprint
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S=22|(Homology)2} Persistent Homology
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eI (graph)= & A| & (vertex) 2t B (edge) 2 O|F 02!
oAt 22 QLT
> 07l He|sZt Xo 24T ¥ c X of chal, J2i(graph)
G = (X,E)= TR (vertex) g X2t H(edge)2| 1T EZ
O|FOIH UM E C {{x,y}Ix,y € X, x# y}E EC]

Graph
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eI (graph)= & A| & (vertex) 2t B (edge) 2 O|F 02!
O AF TR QIL|C}
> 07l He|sZt Xo 24T ¥ c X of chal, J2i(graph)
G = (X,E)= TR (vertex) g X2t H(edge)2| 1T EZ
O|F0H UMM E C {{x, ¥y} x,y e X, x £ y}E ':'"—“°"'—|Ef-

Graph
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CHA| 22 4| (Simplicial complex)= 2}

JefmolLct

> FOI HelsZh X 28 ¥ c X
|

=
(Simplicial complex) K= X2| Rat&et=2l e0|HM LSS
QF=LCh:

aeK, BCa= BeK.
Of @, 2t Tl o] 2L dima = |a| — 12 ZFO|tLC}.

Simplicial complex

o
|0
HU
e
T
1
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Vietoris-Rips _,Eiﬂ(wetorls Rips complex)= AMZ 7172
DAHSS 20} £2 =ML/

ES—— e
> 02 7‘|E|-'-7 Xo| 23T X X 2 r > 00j| CHsH,
Vietoris-Rips S8 4]|(Vietoris-Rips complex) Rips(X, r)= CHS2t
#0| YolgUC}:

Rips(X,r) = {{x1,...,x} C X : d(x;,x;) < 2r, forall 1 <i,j<k}.

Vietoris—Rips complex
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Vietoris-Rips =2} 4|(Vietoris-Rips complex)&= M= 7172
2SS 20} 52 =AU
> 2O HMHe|3Zh Xo| 2287 X ¢ X 2 r > 00| CHaH,

Vietoris-Rips 5 24| (Vietoris-Rips complex) Rips(X, r)& Cha2t
0| Zo|gH

Rips(X,r) = {{x1,...,x} C X : d(x;,x;) < 2r, forall 1 <i,j<k}.

Vietoris—Rips complex
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Vietoris-Rips =2} 4|(Vietoris-Rips complex)&= M= 7172
2SS 20} 52 =AU
> 2O HMHe|3Zh Xo| 2287 X ¢ X 2 r > 00| CHaH,

Vietoris-Rips 5 24| (Vietoris-Rips complex) Rips(X, r)& Cha2t
0| Zo|gH

Rips(X,r) = {{x1,...,x} C X : d(x;,x;) < 2r, forall 1 <i,j<k}.

Vietoris—Rips complex
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2| EFH|Q| k-H2H(k-chain)= THHS 2 MM El M
7

Ii|<f

2
A

F k > 00| CHH, KQ| k-HM(k-chain)=
A SH(formal sum)o'l—IEf

P
c=> ajo;, 01€K,a €L/2Z={0,1}.
i=1

> 7/27°| AL 0+0=14+1=0,0+1=1+0=1,

0-0=0:-1=1-0=0,1-1=1
> kool 83 AZekE:
p P
c+c = Z(a, +al)oy, Ac= Z(/\a,)a,
i=1 i=1
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B At (boundary map)2 THA| E8HHIQ| k-Ci2f
(k-chain) Z+Q| AtarIL|CE.
> ZAH AHaH(boundary map) 9,2 2t k-2H2 THY| 02 19| k-12} B

Ab
(face)=9| gtoz BHL|CE:

k
oc={vo,..., vk} —> 0o = Z{vo, oo \{vit
i=0

Simplex Sum of Faces
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9] k-4

BAH Atet(boundary map)2 G| Set4

(k-chain) 2+e| AtIL|CE.

> 72| AtAb(boundary map) 0k 2t k-2}2d THY| 0 & 19| k-12+2 B
(face)=9| gtoz HHHL|CH

k
oc={vo,...,Vk} — Oko = Z{VO’ v\ {vi}
i=0
Cu(K) = Go1(K)Z2 AAAA YA &L CH
Cr-1(K)

> BAH AHAE O
Ck(K) —
> Okc =) a;0k0;
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S =ZX|(homology)= cycle2 boundaryZ AtZ Z&7t
(quotient space) @ L|C}.

> KO| k-cycle Zy(K)= ZA| AFALO] OJ8f 022 7H= k-GIafo
ysraLck

Zk(K) :=ker Ok = {c € Cx : Okc = 0}.

> K2 k-boundary Bi(K)= B AHOl 2|5H k + 1-HAH2| 2f(image)
QlL|C}:
=

Bk(K) = im@k_,_l = {C € Cy: 3’ € Ck+1,8k+1c’ = C}.

> )0 1 = 001| 2|3, k-boundary By (K)E k-cycle Zi(K)2|
MALZEZ7t(linear subspace) Y L|C}:

Bk(K) C Zk(K) C Ck(K)

> k-th S=2 | H(K)= k-cycle Z,(K)E k-boundary By(K)Z2 A2
Z&7t(quotient space)L|C}:

Hi(K) = Zk(K)/Bk(K).
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rlru

S =ZX|(homology)= cycle2 boundaryZ A}
(quotient space) @ L|C}.

> KO| k-th SZZ22A| Hi(K)E k-cycle Z(K)E k-boundary Bx(K)Z2
22 S5 7H(quotient space) @ L|C}:

Hk(K) = Zk(K)/Bk(K)

> KQ| k-th Betti number 3¢(K)e= M-S H (K)Q| I /LT
Br(K) = rank(Hy(K)).
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S =ZX|(homology)= cycle2 boundaryZ AtZ Z&7t
(quotient space) @ L|C}.

> Z1(K) = ker &y = (Z/2Z)? =< ZANENN
. N
> Bl(K):lmaz :Z/2Z =< >

> Hi(K) = Zi(K)/Bi(K) = Z/27 =< A >, fi(K) =

10/33



filtration Z7}5H= T3 2EHSO| 2L

-

|-

W, filtration F = {K,}scr= CHS2
Sha|(subcomplex) K,&2| Z2QIL|C}:

a<b= K, CK,.

x
o

P
5_
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Persistent Homology+ filtrationOl|M S =2 X|7F {E A|
Ho}Sh=A| =4 gL T
> CHA| 284 K 219 filtration F = {K, C K : a € R}7t S T,
k-th persistent homology PH,F&= S22 X|& {H(K,) : a € R}2t
MYALE {13 a < b}o| LYOIC, O T HYA
EC’M?#I K. C Kh2FE REEUC

> Persistence betti number = 52° := rank(im:2"”) QIL|C}.
Hy(Ky) =22z H,(Ko) = (2/22)°
ANEYAN

Hi(Ks) =2/22

N . A&
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Persistent Homology+ filtrationOl|M S =2 X|7F {E A|
Hstea] 22ELICH

> CHj| 283 K 2(9 filtration F = {K, C K :a € R}7| S o,
k-th persistent homology PH,F= S22X|& {Hk(K,) : a € R}t
MBAAS {127 a < b}O| BUQIG, O] [ MBARAL 20
ESHA K, € Kh25E REEUCH

» 2+ homology class y&= K,O0lA 47|10 K,0|M ~ = 00| ElL|C}. 0]
f, aE ~v2| birth timeO|2} 5}, bZ 72| death timeO|2}2 THL|C}.

)=z/2z H,(Ky) = (2/22)2
A N
Hi(Ke) =222 Hi(Ke) =

N . A
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Persistence Diagram = Persistent Homology € HH 2(2]
H==2 LIEHELICE

> THOJAl filtration F = {K, C K : a € R}2| BECHA| K,S0| S5t
HFRICHD 7HE L O

Koy C - C K.

> 2} filtration 2tS2| & (a;, a;)0ll CH3H, K, 0lM 710 K, 0ll A
22| = homology class 2| 7i4& 4L |C}:

aj,aj _( aj,aj—1 a,-,aj) ( dj—1,4j—1 a;_l,aj)
k - k k k k .

> (RU{o0})? 2l & (a1, a;) & multiplicity ;"2 2O &
persistence diagram O| E!L|C}.
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Persistence Diagram & Persistent Homology & HH £|2|
HEZ LIEPHL|C}
> 2} filtration ZYS2| & (a;, a;)0ll CHSH, K,,OllA 47|10 K, 0l A
S10{ X|+= homology class 9| J|£E MiL|C}:

ai,a; aj,aj— ai,a; ai—1,3j— Ai—1,3;

=BT =BT = (BT =BT,

> (RU{oo})? 20l & (a;, a;) E multiplicity p; Y2 2OH
persistence diagram O| £ L|C}.

y=2/27 )=(z/22)?
A & T Ji=1]i=2]i=3]i=4
j=4 0 0 0 0
=3 1 1 1
=2 1 2
Hi(Ka)=2/2Z Hi(Kq) = =1 I

N . &
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Persistence Diagram & Persistent Homology & HH £|2|
=
Hd=% LIEFEL T
> Z} filtration 2Y=2| & (a;, a;)0ll CHiSH, K,,0lA 247122 K, 0l M
uA017\||_ homology class ©| 744:Z AL|Ck:
Mii,aj — (6;,',3/71 _ BZi,aj) _ (ﬁii—haj—l _ Bzi—lyaj)-
> (RU{oc})? 20l & (a,a;) E multiplicity u; 72 2™
persistence diagram O| E!L|C}.

Hi(K)=2/22 )=(z/22) 2 s
A & £° ] -
g
a8
o |
N
H:(Ks)=Z/22 ]

1.0

Hi(Ke) =
[ T T T T T 1
1.0 15 20 25 3.0 35 40
N 4N
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Persistent HomologyS SHX 22 245}7|
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840 2f|HIS O 2 EE filtrationg THE £ & LCH
> A S8 ket I 20N FolEl &4 f 1 K — R7F AS W, F2
sub-level filtration sub(f)E 32} 7FO| Ao|EtL|C}:

sub(f) :=={{c € K: f(0) < L}} g -

Simplicial complex Function values
1 0 1
0 2 0
1 0 1
{r=o} fr=1} fr<2}
.
C -
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> CHf| Sefal ket 1 oM FolE a4 f: K — R7} S I, 2
Of2H2{|& (sub-level) filtration sub(f)S Ct21} ZH0| Aol&tL|C}

super(f) :={{oc € K: f(0) > L}},cg -
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k0| H A2 22 E] persistent homologyE A4t
& sur
PN —| .

> CH| =84 Ko 1 20M delE &4 f: K — R7t /S W, f2
Of2H2{|& (sub-level) filtration sub(f)& Ct21h Zt0| Zo|gHL|C}:

sub(f) :={{c € K: f(0) < L}} i -

> 12 E2E{ AHAHSH persistent homology = persistence diagram=
Dgm(f)2 &L|C}

o
I~ . A
{r<0} LE)) (<2} @
. EI
wn
=
o
7 T T T 1
00 05 1.0 15 20
C C

Birth
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Bottleneck distance= Persistent homology &=7Zt0{| 7{2|
A2 =
o5 SL G
Definition
Dy, D& & Persistent homology2t1! 5t3H, Bottleneck distances=
Cta2t &0| Zel&EL o

Woo (D1, D2) = inf sup [[x — v(x)|[c
Y xeD,

ol M, y= DiMIM D2 7t 2E LHLSO| E 4+~ USHCE

Birth
0.00 0.10 0.20 0.30

sup [|x—71(x)]loc = 0.1

x€Dy

N I B E— — —
0.00 0.10 0.20 0.30
Death 21/33



Bottleneck distance= Persistent homology &=7Zt0{| 7{2|
A2 =
o5 SL G
Definition
Dy, D& & Persistent homology2t1! 5t3H, Bottleneck distances=
Cta2t &0| Zel&EL o

Woo (D1, D2) = inf sup [[x — v(x)|[c
Y xeD,

ol M, y= DiMIM D2 7t 2E LHLSO| E 4+~ USHCE

Birth
0.00 0.10 0.20 0.30

sup || x—=72(x)]|0 = 0.15

x€Dq

N I B E— — —
0.00 0.10 0.20 0.30
Death 22/33



F

lo]]
\J
|0

0
£
:

Bottleneck distance= 110f ArE5t=

—

28g + AU g Fe

SR

Theorem
[Edelsbrunner and Harer, 2010][Chazal, de Silva, Glisse, and Oudot,
2012] K& Ctxl| 28t (simplicial complex)2f 511 f, g : K — RE &

str2f efLCt. Dgm(f)2f Dgm(g)& Z10f 4&5f= persistent homology
23 3 o, CS0] HEIEHICE

Weo(Dgm(f), Dgm(g)) < [|f — &llco-
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Persistent homology2| 42|

_L|:O gl—EE EOI'Ol'

7|;{1 M}

P (Dgm(

Birth
0.00 0.10 0.20 0.30

Circle

T T 1T 1T T 1
0.00 0.10 0.20 0.30
Death

—
UL
=

A2 X9l Persistent homologyE 2t2f Dgm(M)2t Dgm(X)
2t —L_=g|_|tr, RO4ZE a € (0,1)7F FO{HS ©, « 1
(ng(X), D) < c,}2 t32 UEste

2ehE Persistent homology&
S

[
|-O||__| |.

AN

M) e {D € Dgm: Wy (Dgm(X), D) <cp})>1—a.

500 samples

Birth
0.00 0.10 0.20 0.30

0.00 0.10 0.20 0.30
Death
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Persistent homology2| AI2||= 10| &AES5t= 49|
etz ALk &~ USLCH

njo

At He|28H, P(|[fu — fx|]| < c) 21— o 28 R
P(WOO(ng(fM)a ng(fX)) < Cn) > P(Hf/\/’ - fXHoo < Cn) >1-a

2tM iy 2l AZ|C|E persistent homology Dgm(fy)2| A12|C|2 0|8
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Persistent homology2| 412|0|= RAEMOZ AlLkgt 4=
AL

UELIC.
SAEM A N2|ZE persistent homologyOl| 428 4~ QICH= Z10|

2@ st
> Fasy et al. [2014] O] SHAU =2 (kernel density estimator)O0]| A

B30
» Chazal et al. [2014] O] distance to measure®@} kernel distanceO{|Af
AL
EaELc
Circle 500 samples
o o
™ [}
3 p
o o
] ]
— —
S * 0dim S
A 1dim
o o
3 3
S fFTrT T T T S
000 010 020 030 000 010 020 0.30
Death Death
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Persistent Homology= 0| &30 £4d(Feature) 2+=7|
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ot Ak =2 O] Persistence La
O| Persistence Landscapes

Circle
n
— —
o
o
= _
o 8.
= o
©
o] _
a
L
o _|
o I T T T 1
0.00 0.10 0.20
(Birth+Death)/2

ndscapeL 2L E| 7|4

o = 2sH

S 2% 4 ALLTH

500 samples

N
s
= o
m o
.Ic o
©
()
a

o

Q

? T | | | |

0.00 0.10

(Birth+Death)/2

0.20
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Persistent homology2| AI2|| 2 Persistence Landscape?|
ABHZ HSE 4+ ALk

Circle 500 samples
n
— —
o
o o
= ] €
= = [Te)
m 9 m o
= £ ©
S @
0] | 0]
a a
o
U’ o
o 4
< T T T ] @ 7 T T T ]
0.00 0.10 0.20 0.00 0.10 0.20

(Birth+Death)/2 (Birth+Death)/2
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oo-landscape 7{2|+& persistence landscape 2ZH0f| 72|
=
L C}

Definition

[?] D1, D& HE9| multisetO|2} 5t11, 10f| 3HESH= persistence

landscapeE A1 , A\22t1 SELCH oo-landscape 2|= CHE1t 20|

20| BH|C}-

Noo(D1, D2) = ||A1 — A2l|oo-

(Death-Birth)/2
0.05 0.15

-0.05

[ T T T T T 1
0.00 0.10 0.20 0.30

(Birth+Death)/2
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oo-landscape AH2|= 10| CHEE|= &4 72t Hel2
2 4 JUSLICE 2HE N H2|(stability theorem).

f.g : X > RE F g~2 £, 10| off55H= persistence landscapeE

Noo(A(F), M) < IIf — &lloo-
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persistence landscapel| A2|[|= EAEZHO Z At
O| A |__| |___|-
> 7| M1} HE X9 persistence landscapeS 2tZ A\t Ax =2

=5 LICH o-dd H2|(stability theorem)2 25 1,
P(||fu — x|l < ) > 1 - o= 32 FESLCH

P (Ax(t) — o < Am(t) < Ax(t) + a¥t) = P(||[fur — || < ) > 1—a,

et ti2e= a2l £y Q| AZ|T|E persistence landscape Ay 2|
A2l Z ALY 4~ ST

ﬂJ°T"

_I_

Circle 500 samples

/a\

T 1 T 1 T T 1T 1
0.00 0.10 0.20 0.00 0.10 0.20

0.15

(Death-Birth)/2
0.05
(Death-Birth)/2

0.05

-0.05
-0.05

(Birth+Death)/2 (Birth+Death)/2
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persistence landscapel| A 2|0l= RAEMOZ AlLret 4~
SuLict

> persistence landscape®| A 2||= multiplier bootstrapQ 2= AH|AtSt
2 UELICE [Chazal, Fasy, Lecci, Michel, Rinaldo, and Wasserman,
2014].
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