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71515t U 9|AFSHY 2IBE EHHOZ 0
225=2] QOL2L|C},

> CH|(manifold)2| 7|5tat 24 29| O|L|BWA 2|7 (minimax
risk)

» Minimax Rates for Estimating the Dimension of a Manifold (Kim,
Rinaldo, Wasserman, 2019)

» The Origin of the Reach: Better Understanding Regularity Through
Minimax Estimation Theory (Aamari, Kim, Chazal, Michel, Rinaldo,
Wasserman, 2019)

> 2|4 A= EAM(Topological Data Analysis) 27

» Computational Topology: An Introduction (Edelsbrunner, Harer,
2010)

» Topological Data Analysis (Wasserman, 2016)

» An Introduction to Topological Data Analysis: Fundamental and
Practical Aspects for Data Scientists (Chazal, Michel, 2021)

> Persistent HomologyS EAX 22 22 5tH7|
» Confidence sets for persistence diagrams (Fasy, Lecci, Rinaldo,
Wasserman, Balakrishnan, Singh, 2014b)
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QA= M (Topological Data Analysis)2| 7| AHets
(Machine Learning)0{|2] S22 A1 ELICE.

> 24 A7 B (Topological Data Analysis)2 7| A|&+&(Machine
Learmng)oﬂ 28
» A Survey of Topological Machine Learning Methods (Hensel, Moor,
Rieck, 2021)
> 2 AE M S 0|85H E4d(Feature) 2HS7
» Efficient Topological Layer based on Persistence Landscapes (Kim,
Kim, Zaheer, Kim, Chazal, Wasserman, 2020)
» Generalized penalty for circular coordinate representation (Luo,
Patania, Kim, Vejdemo-Johansson, 2021)
AzL 2o F4S TDAZ HIt
» TopP&R: Robust Support Estimation Approach for Evaluating
Fidelity and Diversity in Generative Models (Kim, Jang, Kim, Yoo,
2024)
> R II7|Z| TDA: &4 Atz 245 st 84 ALt =7
» Introduction to the R package TDA (Fasy, Kim, Lecci, Maria,
Millman, Rouvreau, 2014a)
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=2 A|(Homology)Of| t2} EFetL|C}.
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2 =2X|(homology)E SAXL2 LT

> Statistical Inference for Cluster Trees (Kim, Chen, Balakrishnan,
Rinaldo, Wasserman, 2016)
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ARE S22 FAf gL

> Statistical Inference for Cluster Trees (Kim, Chen, Balakrishnan,
Rinaldo, Wasserman, 2016)
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st shAEol ufet ChE ZEOl 42 4 AU
> Statistical Inference for Cluster Trees (Kim, Chen, Balakrishnan,

Rinaldo, Wasserman, 2016)

> 22 (local) 0|1 AN HEE DASD AOH (2 HYE)
2te Joo| ore ARI0| AZIL|C}.

> CHH 2 (global)O| 1 7H2HZQl FEE QALSID AloH (U4
SHAE), 2 29 A2 2Yo| MZuct
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T =9 HES A UHFE Lt 28 UF

(cluster tree)
> Statistical Inference for Cluster Trees (Kim, Chen, Balakrishnan,
Rinaldo, Wasserman, 2016)
> CIE +32| SHMEZ2RH HOR = 2SS e 2A0f 2fsH
apeinzte HESITTE LI,
> Z5 A HEQSE LIR2 BE £ JAFUCH 23 LR (cluster
tree)
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Persistent homology+= &
AASED, SS2A|71 A
e

50| RN FB22S
Al LEILIR ARRIZIEA]

Sample, r=0.1
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Persistent homology= & g=2| ZRANM S =Z2X|E

Atetl, =27t

IS

r=0.5 : 1XF&
2ol 4

Al LIEFLELL AtetA| =]

Sample, r=0.5
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Persistent homology—= &Ief=2| ZA0M S =ZX|E
HASELD, SS2A|7F AHA| LIEFLILD AR | =4

7| =L

r=0.5: 1A r=1: 152
THOo| 4 T&Ho| g H

Sample,r=1
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Persistent homology+= &
AASED, SS2A|71 A
e

50| RN FB22S
Al LEILIR ARRIZIEA]

* 0 dim (components)

r=0.5: 1X}& r=1: 1At Persistent I:Iomology
F¥o 47 PR
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|3 FEO| A HEE 2E5t Cof HUT2H
(kernel density estimator)= AFEgrL|C}.

> SHA G =X (kernel density estimator)2 CtS2} Z& L Ch
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ph(X):nhmZK( h )
i=1
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Persistent homology—= &Ief=2| ZA0M S =ZX|E
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Fotot A=z 9| Persistent homologyZ2FE 7|2 7t 9|

2 =Z2St A OIAL_||_'_|-

Persistent homologyS& =8¢

Birth
0.00 0.10 0.20 0.30

Circle

1 T T T 1T 1
0.00 0.10 0.20 0.30
Death

T

Birth
0.00 0.10 0.20 0.30

100 samples

T T T T 71 1
0.00 0.10 0.20 0.30
Death

34 /87
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Fotot A=z 9| Persistent homologyZ2FE 7|2 7t 9|
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Bottleneck distance= Persistent homology &70f| 2]

|:|_I_E =)

Definition

Dy, D& & Persistent homology2t1! 5t3H, Bottleneck distances=
Cta2t &0| Zel&EL o

Woo (D1, D2) = inf sup [[x — v(x)|[c
Y xeD,

ol M, y= DiMIM D2 7t 2E LHLSO| E 4+~ USHCE

Circle 100 samples
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Bottleneck distance= Persistent homology &=7Zt0{| 7{2|
A2 =
o5 SL G
Definition
Dy, D& & Persistent homology2t1! 5t3H, Bottleneck distances=
Cta2t &0| Zel&EL o

Woo (D1, D2) = inf sup [[x — v(x)|[c
Y xeD,

ol M, y= DiMIM D2 7t 2E LHLSO| E 4+~ USHCE
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Bottleneck distance= Persistent homology &=7Zt0{| 7{2|
A2 =
o5 SL G
Definition
Dy, D& & Persistent homology2t1! 5t3H, Bottleneck distances=
Cta2t &0| Zel&EL o

Woo (D1, D2) = inf sup [[x — v(x)|[c
Y xeD,

ol M, y= DiMIM D2 7t 2E LHLSO| E 4+~ USHCE

Birth
0.00 0.10 0.20 0.30

sup || x—=72(x)]|0 = 0.15

x€Dq
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Death 41 /87



Bottleneck distance= Persistent homology &70f| 2]

|:|_I_E =)

Definition

Dy, D& & Persistent homology2t1! 5t3H, Bottleneck distances=
Cta2t &0| Zel&EL o

Woo (D1, D2) = inf sup [[x — v(x)|[c
Y xeD,

ol M, y= DiMIM D2 7t 2E LHLSO| E 4+~ USHCE

Birth
0.00 0.10 0.20 0.30

inf sup [[x — v(x)|lec = 0.1
Y xeDy

N I B E— — —
0.00 0.10 0.20 0.30
Death 42 /87



Persistent homology2| A12| & (Confidence Set)
Persistent homologyS =2 SH& & X glot=
HE Y LT
7124 M1} 22 XQ| Persistent homologyE 2t2f Dgm(M)2t Dgm(X)
2k SBUIC S9I42 o e (0,17} ZOHB T, (1 0) N2E

(Confidence Set) {D € Dgm : Woo(ng(X)? D)< c}2tEs
D= she A eIk

P(Dgm(M) € {D € Dgm: W (Dgm(X), D) <cp})>1-a.

Circle 500 samples
o o
(9] ™
IS IS
o o
N N
s g 5 g
- —
o IS
o o
o o
o TT T T T T 1 IS
0.00 0.10 0.20 0.30 0.00 0.10 0.20 0.30
Death Death
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Persistent Homology2| AI2||(Confidence Band)&
0|85 EAXLZ folot === §40 04|

ore S =22 EMS FETHLC
7I21 M2t

2t =&5LULCH f2|&F a € (0,
(Confidence Band) ¢, = cn(X)'_ =)

Birth
0.00 0.10 0.20 0.30

1)7h &

A2 XOI Per5|stent homologyE 22t

%
oLz

— "

P (Woo (Dgm(M), Dgm(X)) <

Circle

1T 1T 17T 1T T
0.00 0.10 0.20 0.30

Birth
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Dgm(M)a+ Dgm(X)
X2 O, (1—a) A2
Z5te s

T 1T T 1T T
0.00 0.10 0.20 0.30
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Persistent homologyQ| AI2|(|= RAEMOZ 2|
OIAL_l |___|-

r
3
_|

1 R A= X = {x1,..., %, }0IM HLUEZZH (kernel density
estimator) pp = Al4AFEILICE

2. X = {Xla XH}EHEi X* = {Xla'“v : % %%_7}_%%}1’ X*(—)—l
HUTZY prS AT Z, 0% = nhm||55(x) — n(x)||cc D

a}g ArEiLEt.

5. E[pn]® (1 - o) ME[M= [ﬁh — Fa Byt ] | ElLick.
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|4 2t2 £ M(Topological Data Analysis)S AtZ&
2
o

0[0

Persistence LandscapeE O| 2510 £44(Feature)
Circular CoordinatesE O| &350 £44(Feature)

2H=S7

24 A= 24 (Topological Data Analysis)2 0| &5t

CRIRlE
2E7)

|
g7t

—

SOl
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7| Het& (Machine Learning) (OF=) CHE 27|

v

F0{2 2H|2t 2t=0f|M, 7| A& (machine learning) /
(deep learning)2 DY7HEFEl 23 (parametrized model)S BH&RILIC

F012 2t7 X,

OH7HSHel 23 (parametrized model) fy,

ZA[0]| 2|2 &A8tx(loss function) L,

J|AEt s e EdeeE 2[435 5= SHE ALt U CH

arg ming L(fp, X).

o2 3%, z[2ofe| HA|A HHEH(explicit formula)E ot= A2
27185t U2 B L CHe.g. & FAZ S AL, T2tA,
VoL(fy, X)E 0|25+ ZHAH (gradient descent) AR ELICE:

vvyy

Oni1 = On — AVL(fy, X).
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QA A= EAM(Topological Data Analysis)= 7| A&
(Machine Learning)0f| S&¢fL|C}.

o>

» A Survey of Topological Machine Learning Methods (Hensel, Moor,
Rieck, 2021)

> A Atz EM(To olog|ca| Data Analysis)2 7|AIgt& (Machine
Learnlng)oﬂ S&ote Hloll= 3A F 7HA| Yo A5H Tk
> Y A= —Er 12 0| &85t0] E4(feature)S 2H504, At=2 XOf
o|Nsta EXS 27t5t|: o Eot YA
» PLLay: Efficient Topological Layer based on Persistence Landscapes
(Kim, Kim, Zaheer, Kim, Chazal, Wasserman, 2020)
» Generalized penalty for circular coordinate representation (Luo,
Patania, Kim, Vejdemo-Johansson, 2021)
> 2tz XLt 23 f,9 E4S TDAZ Tot: 2|2 =2
» TopP&R: Robust Support Estimation Approach for Evaluating
Fidelity and Diversity in Generative Models (Kim, Jang, Kim, Yoo,
2024)
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| A 2t& 2A(Topological Data Analysis)2 AtZ&4

- =
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S

MR
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X
Il

=0l

0[0

Persistence LandscapeS O|235t0{ £4(Feature) 2t=7|

—
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Persistent homologyS ot tH O QUM K22|E &7t

—

[ A T
= o 30 5L
> Per5|stent homology9| 27t2 ARMo2 BRSI0 7|A5tS
(machine learning) €112

= b
[ [==}
> Persistent homologyE 3 o Cf 2O134A| £22IC 22t i g4
270l Yoot 7| ASta 0l 2 a2|Z0| AgSEy| HELICH

» Persistence Landscape, Persistence Silhouette, Persistence Image S
of2f Yol AU Lt

Persistent Homology

15

- AN

Death
1.0
|
>3

0.5

0.0

0.0 0.5 1.0 1.5
Birth 50/87



Persistence Landscape Persistent homology2| ot

gerglLc

Death

0.5

15

1.0

0.0

Persistent Homology

3

0.0 0.5 1.0 15
Birth

(Death-Birth)/2

-04 00 04 038

Persistence Landscape

o

A
e

I I
0.5 1.0

(Birth+Death)/2

1
15
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Persistence Landscape2 & 2|4F&tM Z(topological layer)
=
1. A& X9| Persistent Homology D& A|4AtgtL|CY.
2. DEEE] Persistence Landscape ) : N x R — RS A|AHetL|C}.
3. D7 w € RA=5 0| &5t 715 &4
Xo(t) == SR ()2 AAbsED, 0|2 BiE(St5L0] A, € R™S
QS LICH

Input Output

Persistence Landscapes
Q Persistence Diagram D /\/\\ Q

Tmin Tmax
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Persistence Landscape2L &
orS 7|

» PLLay: Efficient Topological Layer based on Persistence Landscapes

Q| AstA Z(topological layer)

(Kim, Kim, Zaheer, Kim, Chazal, Wasserman, 2020)

Accuracy for MNIST data

o
©
|

Accuracy
o
3
)

0.6

0.0 01 02 03
Corrupt and noise probability

Sd for MNIST data

0.15-
5 0.104

2]
0.05 -
ODO--—---'-'...II.I......

T T T T T T T

Accuracy for ORBIT5K data

Accuracy

0.0 01 02 03
Corrupt and noise probability

Sd for ORBIT5K data

0.154
5 0.104
? 0.05-
0.004

MLP

- MLP+S

MLP+P
CNN

- CNN+S

CNN+P

- CNN+P()
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0jo 4o

o Zt& 24 (Topological Data Analysis)& At=&4 L 7|ASHS0
2
o

Circular CoordinatesS O|25}0] £/ (Feature) 2t=7|

—
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Circular coordinates = A}29| At LR E B GH= 21&
24 gAY

data loop
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Circular coordinates = At22| {4 LR = BIH5H=
22wl

> circuiar coordinate = A= X O|A & St 22 Jt= 4L Ct

circular coordinates loop
<
3
3
° o, ° o, . * o,
4 (4 0 %
o
[ © ]
° . ! L4
. s . ° L4
& o
L] L]
L)
.‘. . ® e e®

0.2

0.0
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Circular coordinates & AlAre ff UBISIEl HA| ek
(generalized penalty functlon)§ Af%sfﬁ ZIZ29| QAFA Q|
Z—IEE |___—| At A|7|-2|-o|- s OIAL_l |-
> Generalized penalty for circular coordinate representation (Luo,
Patania, Kim, Vejdemo-Johansson, 2021)
Year 1990 GCC (mod 1) with penalty=1*L"1+0*L"2 Year 2006 GCC (mod 1) with penalty=1*L"1+0*L"2
DBI=1.124 CHI=137.308 TAU=0.502

DBI=1.544 CHI=2286.833 TAU=0.696
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o
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o cm Cemroarn'en ome o4 * D .
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0jo 4o

o 2t& 4 (Topological Data Analysis)& A==

=
S

2|4 At= 2 (Topological Data Analysis)S O|
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7120 = M 23 (generative model)2| B7t H2|
(evaluation metric)= &5 (noise)O]| Z2FrLC}.
» TopP&R: Robust Support Estimation Approach for Evaluating
Fidelity and Diversity in Generative Models (Kim, Jang, Kim, Yoo,
2024)
> M D3 (generative model)S H7H evaulate)d [ff, A i}’g(real
|mage)°| I (distribution) 2| Z|X| & SH(support)2t 713 Sfak(fake
image)2| 22| 2| ES H2l(metric)E AHEsSH0] H| W gHL|Ct.
> J|Zo| H7t 72|(evaluation metric)= A& +XE(data distribution)
O Z|X| e 2o 2ERLICE: &S (noise)Ol| FerL{Ct.

(1) Ideal estimation of distribution (2) Non-ideal estimation of distribution

Artifacts Mislabeled cases

P(X) P(X)
B
O O
o o° ﬁ.n
o Q)

: real image features ® :real noisy features
o: fake image features . : fake noisy features
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TopP&RE SIAIE0| D EA2 22 So|0[3t £
(feature) =0t Z2tHO 2 M ZHAE (robust) | A4
254 (generative model)2 E7}(evaluate) &L C}.

» TopP&R: Robust Support Estimation Approach for Evaluating
Fidelity and Diversity in Generative Models (Kim, Jang, Kim, Yoo,

2024)
Real X
images Feature (a) Probability support estimation | | (b) Confidence band | (c)TopP and TopR
Generated ui —»{epeddey via KDE and bootstrap estimation > evaluation
images v
P(X) supp(P)
TopP — precision
now
O TopR s recall
D & See our proposition 4.1
& and theorem 4.2
. £
om supp(Q)
1 1(Pn (%) > cx, @n(Y) > cy)
_— TopP: 2 T T o
PR » o opPx () T, 1@ > )
s e _ 21 1@n(Xi) > oy, Pn(Xi) > cx)

ToPRy () = =g Ttk > )
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o o ; = cCo T —_ O
E4% U 9NHOR Q005 EMSS Tats 2
(threshold)2 ZHOFEHL|CY
» TopP&R: Robust Support Estimation Approach for Evaluating
Fidelity and Diversity in Generative Models (Kim, Jang, Kim, Yoo,
2024)
/\/\ / \ E Significant Noise from
2 features surface b=d
b0
|Bl th < ¢, | / byl

O :significant features () : noisy features

1 A

: support of estimated distribution h dy d; Ca death
Noisy
features
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» TopP&R: Robust Support Estimation Approach for Evaluating
Fidelity and Diversity in Generative Models (Kim, Jang, Kim, Yoo,

2024)

Fake distribution Real distribution

Outlier
1
——
2 3
Fidelity Diversity

1.0] 1.0] ®- :

0.7, 0.7

0.5 0.5

~&= TopP
0.2 = ®= Imp. precision 0.2 =@+ Imp. recall
0.0 =e= Density 0.0 ) =eo~ Coverage
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

" Center of fake distribution u " Center of fake distribution u
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2|AF At= 24 (Topological Data Analysis) 27

i A|(Homology)E SA4 X422 Z45t7|
& LFR(Cluster Tree)2t 0|2 oﬁlﬁgi Z A3

Persistent HomologyE SHA 22 245}7|
2 k= E4M(Topological Data Analysis)E At=24 & 7| A S50
Persistence LandscapeE O|&6t0] £44(Feature

[y—)
Circular CoordinatesE O|&35t0 £4(Feature) 2t=7
QA 22 2 (Topological Data Analysis)S 0|23t Tt

O~

R IH7| 2] TDA: 2l¢ A2 43 flet 84 At =7

—

CHRFA| (manifold)2| 7|5tstA _E—’,\— Z49| DL WA 2| (minimax risk)
CHREA| (manifold)2) r% 24| D|L A 2/ (minimax risk)
ChofA(manifold)2] reach 249] O] L|A 9% (minimasx risk)

oN

P2

—_

o=
qumiell
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QA A= 2 (Topological Data Analysis)E of| &
m2Js0| YELICH

=
rlo

> QA AR BME offF= T2 1S Of|A|: Dionysus, DIPHA,
GUDAHI, javaPlex, Perseus, PHAT, Ripser, TDA, TDAstats
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R If7| 2] TDAL 9I4} 2}R BMS sZE C++
240|=2{2] 9] R QIE{HO| A (interface) 2 A2 BHLICH

v

HALO|E:
https://cran.r-project.org/web/packages/TDA/index .html

Z{A}: Brittany Terese Fasy, Jisu Kim, Fabrizio Lecci, Clément Maria,
David Milman, and Vincent Rouvreau.

RE A Attt X232 2t Z2 02y A YLt

R 7HEEA|ZHO] Z 1, C/CH++& AEHAIZHO| BH& LT

R package TDA £ 9I4f 212 £AE S C++ 2j0[=2f2/ol
GUDHI/Dionysus/PHAT2| R QIE{H|O| A (interface)S Al & gLICt.
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CIkA|(manifold)Q| 7|5Het2 24 29| O|L|BA 2|& (minimax risk)
CHEH| (manifold) 2| 2t 20| O|L|MA 2|H (minimax risk)

CHEA| (manifold) 2| reach 22| O|L|BHA 2| & (minimax risk)

66 /87



CFEA| (manifold

of T2 YLIC,

A2HA 7|

e

3 http://www.skybluetrades.net/blog/posts/2011/10/30/machine-learning/
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o iZﬁEFOl
L. T OOoO—
(o]

7 |CH 2k (expected error) QI L|CY.

Z 8 (estimator)2| Z|CHR[ R (maximum risk)
z|oto| FR0| 222

%% % (estimator) 0, 2| 3|EH$|§+(max.mum risk)2 Z|2to| Z0]
2220, 0| SO 4= U= 2249| 7|ThZf(expected error) JLICH.
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0L A 2| (minimax risk)2 L24>(parameter)

3 O|
44 0SS 2AFRLIC

=
T o—

L9 A 2{E (minimax risk) R,& 2|42 FR0 = & &53st=
Z 2 (estimator)2| & (risk)JLICL. O|2 HE37|(sample size)2|
ste2 FHUC
>
R, = inf sup Ep {e (én(X), G(P)ﬂ
0, PEP
> X = (X, -, Xn)E DYE BX PO RESLL, P= SEEZO|
e Pof| £ELICH
> 2P0, 2 A= X2 Uolo| EYULCt
> BABE (-, )E A 0,9 232 MUt
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CHFA| (manifold) Q| 7[5tet24 E4=(paramter) 42|
=A4A 022 O|L A 2 (minimax risk) 22 YLC}.

» Minimax Rates for Estimating the Dimension of a Manifold (Kim,
Rinaldo, Wasserman, 2019)

» The Origin of the Reach: Better Understanding Regularity Through

Minimax Estimation Theory (Aamari, Kim, Chazal, Michel, Rinaldo,
Wasserman, 2019)
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CtEA|(manifold)Q| 7|5t5t2 24~ =4 9O| O|L|2HA S (minimax risk)
CHREA|(manifold)2] 2 =] DL A 2|& (minimax risk)
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CHIAIS B2 7] Aol CHFA|e] LA 2{S =

ox
o
==
i=]

5
Q2102 Zojof BHLIC)

> CHEEO| CHOfA| shg 22| SO|A ChFA|of LA 2S
> LA 20| 02| L2l 3= E21, [I2tA ShEaloF gLt

1 = (=]
. . "
«* ) S . .. S
. e P e “h
o ege T . o o® 8 .,
N . . g %
¢ ete e uadlteR o "

Sootce wm LS WL VY,
o . COSMR e b, o @
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¢ . 3 Yo 0 . S .
AN R e

& TRy g - (S
IR T -
. % e Loe 4 e
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- L]
@l
s NEREE, L Feasl,
3 - - L]
SR I
W tpee ot g8 g e y
.-t‘ ‘e s "- vy L S
\u\ .® F.‘.‘\“ %
\‘ - ry - .“ .‘-
-
. s
':.: .'. ¢
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2p3 249| 0L A 2 (minimax risk)

>
R, = inf sup Epw [1 (diAm,,(X) £ dim(P))]
dim, PEP

> X = (X1, -, Xn)E DYE BX PO RE5L2, P= SEEZO
23t Pof £3LICH

> 2P dim, 2 A= X2l 2L|9| e4-LC.

> 0— 1 &MELE AL T2t 2E x,y € RO|| Cish,
U(x,y) = 1(x # y)YUHLt.
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2+ 22| O|LWA /- (minimax risk): HA| 2H240] d)

vs 2 TS ket Ct.

R, = inf sup Ep [1 (dfmn(X) + dim(P))]
dim, PeP

(Xi,---, Xo)e DEE X POIM 2E51, Pe SEEE9
P = P UPRO| SEUCH 0f7|H P d-3t] S$EREO]
YLCt.
2 dim, 2 k2 X9 2olo| F4QL|Ct
— 1 &4ERE AZRILC T2t 2& x,y € RO|| Ciisl,
(x,y) = 1(x # y) QLI

v
oY ¥ X
ox oot |

v
=
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2p3 249| 0L A 2 (minimax risk)

Theorem
(Proposition 16 and 17)

2 < inf supE o [1 (diAm,,(X) # dim(P))] <
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CtEA|(manifold)Q| 7|5t5t2 24~ =4 9O| O|L|2HA S (minimax risk)

CHFA| (manifold) Q| reach 42| O|L|HA 2|S (minimax risk)
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reache= CHYA|(manifold) 2{0|M L2 4 U= S 2[Cl

U2 S YLt

Definition
M C R™ O] C}kA|(manifold)Y @, MQ| reach(r(M)2E H7|)=
|- r 7|'O| Zig_lﬁl'l__ll:l-

=

AM)= it g2 — a3
G2#GEM 2d(QZ —q1, TCI1 /\/I)7

O7|M T,M= M2 a0{| 2] "—3— P(tangent space) I L|C}.

C

M )
\lgz—aill?

2d{g2—q1.Ty; M) |

i
i
\ ||Q2*Q1”/:,'1
i S
i

q + Ty M
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reache= &2

7|6t 24 2A|0|A A2ld(regularity)&

LIEILH= 24~(para meter)?:l L|C}.

> reach= CHE1 22 2AH0IM S

>

vvyy

;('. zl‘l
QEEZI(homology) =
LI (volume) 24
E-|'%k7\1|(manifo|d) RIS}
BFAF AHAK(diffusion map) 23

238t 24 (parameter) LI CH:
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reach 42| O|L|ZHA 2| (minimax risk)

> q
1 1
= infsupEp( [ — }
Ro = infsup et 7(P)  #a(X)

> X =(X, -, Xp)= 1EE 22 POM 2ESHD, P BESEES
e Po —’—‘T—E Lict

> 238 72 A2 X2| Yolo| Byt

> A, EHEE ARBEULH O2tM 2& X,y € RO|| T
Ux,y)=|% - ﬂq%! Lct.
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de 7,2 dHS A= (point cloud)O|A L&
H

. , 1X; — Xil3
a(X) = ’
7 ( ) ISII'QJ'S” 2d()<_j - Xi7 TX,'M)

%

M . i
L llg2—al? i
Qd(;({Q*qlqul A"I) !
|

q + Ty M
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reach 42| O|L|ZHA 2| (minimax risk)

Theorem
(Theorem 5.1 and Proposition 5.6)

RN
T(P)  7a(X)

_9 .
n~ 4 <infsupEpew) [
Tn PeP
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2|4 2= 24 (Topological Data Analysis) 274

S 2 22|(Homology) 2 EAZo2 257
3 LF2(Cluster Tree)2} O|& 71|7~4 oz =&

Persistent HomologyE SHA 22 245}7|

2tz 2 (Topological Data Analysis)2 Atz2&4A L 7| A|&&0
Persistence LandscapeE O| 2510 £44(Feature) 2t=7|

Circular CoordinatesE O|235}t0{ £4J(Feature) 2H=7|
2|4 At=2 2M(Topological Data Analysis)= 0|25t Tt

R I{7|Z] TDA: 2|4 At= 24= flet A Al =+

CHA|(manifold)2| 7|5tatd 24 29| O|L|YHA S (minimax risk)
CHEA| (manifold) 2| 2t 22| OJL|HA 2| (minimax risk)
CHEA|(manifold) 2| reach 22| O|L|MA 2[& (minimax risk)

F2

o
el

o
[
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Eddie Aamari, Jisu Kim, Frédéric Chazal, Bertrand Michel, Alessandro
Rinaldo, and Larry Wasserman. Estimating the Reach of a Manifold.
ArXiv e-prints, May 2019.

Frédéric Chazal and Bertrand Michel. An introduction to topological
data analysis: Fundamental and practical aspects for data scientists.

Frontiers Artif. Intell., 4:667963, 2021. doi: 10.3389/frai.2021.667963.

URL https://doi.org/10.3389/frai.2021.667963.

Frédéric Chazal, Vin de Silva, Marc Glisse, and Steve Oudot. The
structure and stability of persistence modules. arXiv preprint
arXiv:1207.3674, 2012.

Frédéric Chazal, Brittany Terese Fasy, Fabrizio Lecci, Bertrand Michel,
Alessandro Rinaldo, and Larry Wasserman. Robust topological
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S=22|(Homology)2} Persistent Homology

Persistent HomologyS SA4A 22 245}7|

QA 2t2 2M(Topological Data Analysis)S 7|A&t&0]
Persistence LandscapeE O| &350 £4J(Feature) 2t=7 |
Circular CoordinatesE O| &350 £44(Feature) 2t=7|

R I{7|Z| TDA: 24 Atz 242 2|t 4 ALt =
CtAA|(manifold)O| M2 HE 2&, H2| g, Y& &t
Persistent Homology2} Persistence Landscape
Persistence Homology2} Persistence Landscape2| SHA4 =4

= T o—

A2l (regularity) 271

CHFA| (manifold) 2| Xt 22| O|L|BHA 2| (minimax risk)

o

&St upper bound)
6f§(|ower bound)

UKol Z 90| ABat Bt

otut 515
CHotH (manifold)2] reach 22| O]L|%2 2/ (minimax risk)
reach@} 7|5} #+=&
reach 242k} 2M

NCINEE

1/114



eI (graph)= & A| & (vertex) 2t B (edge) 2 O|F 02!
oAt 22 QLT
> 07l He|sZt Xo 24T ¥ c X of chal, J2i(graph)
G = (X,E)= TR (vertex) g X2t H(edge)2| 1T EZ
O|FOIH UM E C {{x,y}Ix,y € X, x# y}E EC]

Graph

2/114



eI (graph)= & A| & (vertex) 2t B (edge) 2 O|F 02!
O AF TR QIL|C}
> 07l He|sZt Xo 24T ¥ c X of chal, J2i(graph)
G = (X,E)= TR (vertex) g X2t H(edge)2| 1T EZ
O|F0H UMM E C {{x, ¥y} x,y e X, x £ y}E ':'"—“°"'—|Ef-

Graph
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CHA| 22 4| (Simplicial complex)= 2}

JefmolLct

> FOI HelsZh X 28 ¥ c X
|

=
(Simplicial complex) K= X2| Rat&et=2l e0|HM LSS
QF=LCh:

aeK, BCa= BeK.
Of @, 2t Tl o] 2L dima = |a| — 12 ZFO|tLC}.

Simplicial complex

o
|0
HU
e
T
1
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Vietoris-Rips _,Eiﬂ(wetorls Rips complex)= AMZ 7172
DAHSS 20} £2 =ML/

ES—— e
> 02 7‘|E|-'-7 Xo| 23T X X 2 r > 00j| CHsH,
Vietoris-Rips S8 4]|(Vietoris-Rips complex) Rips(X, r)= CHS2t
#0| YolgUC}:

Rips(X,r) = {{x1,...,x} C X : d(x;,x;) < 2r, forall 1 <i,j<k}.

Vietoris—Rips complex
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Vietoris-Rips =2} 4|(Vietoris-Rips complex)&= M= 7172
2852 20t 52 YL
> 02 7‘IEI-'-7 Xo| 2238 X ¢ X 2 r > 00i| CHal,
Vietoris-Rips S8 4]|(Vietoris-Rips complex) Rips(X, r)= CHS2t
Z0| Zeolgu

Rips(X,r) = {{x1,...,x} C X : d(x;,x;) < 2r, forall 1 <i,j<k}.

Vietoris—Rips complex
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Vietoris-Rips =2} 4|(Vietoris-Rips complex)&= M= 7172
2852 20t 52 YL
> 02 7‘IEI-'-7 Xo| 2238 X ¢ X 2 r > 00i| CHal,
Vietoris-Rips S8 4]|(Vietoris-Rips complex) Rips(X, r)= CHS2t
Z0| Zeolgu

Rips(X,r) = {{x1,...,x} C X : d(x;,x;) < 2r, forall 1 <i,j<k}.

Vietoris—Rips complex

4/114



2| EFH|Q| k-H2H(k-chain)= THHS 2 MM El M
7

Ii|<f

2
A

F k > 00| CHH, KQ| k-HM(k-chain)=
A SH(formal sum)o'l—IEf

P
c=> ajo;, 01€K,a €L/2Z={0,1}.
i=1

> 7/27°| AL 0+0=14+1=0,0+1=1+0=1,

0-0=0:-1=1-0=0,1-1=1
> kool 83 AZekE:
p P
c+c = Z(a, +al)oy, Ac= Z(/\a,)a,
i=1 i=1
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B At (boundary map)2 THA| E8HHIQ| k-Ci2f
(k-chain) Z+Q| AtarIL|CE.
> ZAH AHaH(boundary map) 9,2 2t k-2H2 THY| 02 19| k-12} B

Ab
(face)=9| gtoz BHL|CE:

k
oc={vo,..., vk} —> 0o = Z{vo, oo \{vit
i=0

Simplex Sum of Faces

6/114



9] k-4

BAH Atet(boundary map)2 G| Set4

(k-chain) 2+e| AtIL|CE.

> 72| AtAb(boundary map) 0k 2t k-2}2d THY| 0 & 19| k-12+2 B
(face)=9| gtoz HHHL|CH

k
oc={vo,...,Vk} — Oko = Z{VO’ v\ {vi}
i=0
Cu(K) = Go1(K)Z2 AAAA YA &L CH
Cr-1(K)

> BAH AHAE O
Ck(K) —
> Okc =) a;0k0;
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S =ZX|(homology)= cycle2 boundaryZ AtZ Z&7t
(quotient space) @ L|C}.

> KO| k-cycle Zy(K)= ZA| AFALO] OJ8f 022 7H= k-GIafo
ysraLck

Zk(K) :=ker Ok = {c € Cx : Okc = 0}.

> K2 k-boundary Bi(K)= B AHOl 2|5H k + 1-HAH2| 2f(image)
QlL|C}:
=

Bk(K) = im@k_,_l = {C € Cy: 3’ € Ck+1,8k+1c’ = C}.

> )0 1 = 001| 2|3, k-boundary By (K)E k-cycle Zi(K)2|
MALZEZ7t(linear subspace) Y L|C}:

Bk(K) C Zk(K) C Ck(K)

> k-th S=2 | H(K)= k-cycle Z,(K)E k-boundary By(K)Z2 A2
Z&7t(quotient space)L|C}:

Hi(K) = Zk(K)/Bk(K).
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rlru

S =ZX|(homology)= cycle2 boundaryZ A}
(quotient space) @ L|C}.

> KO| k-th SZZ22A| Hi(K)E k-cycle Z(K)E k-boundary Bx(K)Z2
22 S5 7H(quotient space) @ L|C}:

Hk(K) = Zk(K)/Bk(K)

> KQ| k-th Betti number 3¢(K)e= M-S H (K)Q| I /LT
Br(K) = rank(Hy(K)).
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S =ZX|(homology)= cycle2 boundaryZ AtZ Z&7t
(quotient space) @ L|C}.

> Z1(K) = ker &y = (Z/2Z)? =< ZANENN
. N
> Bl(K):lmaz :Z/2Z =< >

> Hi(K) = Zi(K)/Bi(K) = Z/27 =< A >, fi(K) =

10/114



filtration Z7}5H= T3 2EHSO| 2L

-

|-

W, filtration F = {K,}scr= CHS2
Sha|(subcomplex) K,&2| Z2QIL|C}:

a<b= K, CK,.

x
o

P
5_
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Persistent Homology+ filtrationOl|M S =2 X|7F {E A|
Ho}Sh=A| =4 gL T
> CHA| 284 K 219 filtration F = {K, C K : a € R}7t S T,
k-th persistent homology PH,F&= S22 X|& {H(K,) : a € R}2t
MYALE {13 a < b}o| LYOIC, O T HYA
EC’M?#I K. C Kh2FE REEUC

> Persistence betti number = 52° := rank(im:2"”) QIL|C}.
Hy(Ky) =22z H,(Ko) = (2/22)°
ANEYAN

Hi(Ks) =2/22

N . A&

12 /114



Persistent Homology+ filtrationOl|M S =2 X|7F {E A|
Hstea] 22ELICH

> CHj| 283 K 2(9 filtration F = {K, C K :a € R}7| S o,
k-th persistent homology PH,F= S22X|& {Hk(K,) : a € R}t
MBAAS {127 a < b}O| BUQIG, O] [ MBARAL 20
ESHA K, € Kh25E REEUCH

» 2+ homology class y&= K,O0lA 47|10 K,0|M ~ = 00| ElL|C}. 0]
f, aE ~v2| birth timeO|2} 5}, bZ 72| death timeO|2}2 THL|C}.

)=z/2z H,(Ky) = (2/22)2
A N
Hi(Ke) =222 Hi(Ke) =

N . A

13/114



Persistence Diagram = Persistent Homology € HH 2(2]
H==2 LIEHELICE

> THOJAl filtration F = {K, C K : a € R}2| BECHA| K,S0| S5t
HFRICHD 7HE L O

Koy C - C K.

> 2} filtration 2tS2| & (a;, a;)0ll CH3H, K, 0lM 710 K, 0ll A
22| = homology class 2| 7i4& 4L |C}:

aj,aj _( aj,aj—1 a,-,aj) ( dj—1,4j—1 a;_l,aj)
k - k k k k .

> (RU{o0})? 2l & (a1, a;) & multiplicity ;"2 2O &
persistence diagram O| E!L|C}.
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Persistence Diagram & Persistent Homology & HH £
HEZ LIEPHL|C}

> 2t filtration 2FS2| 4 (a;, a;)0ll CHAH, Ko, Ol Al A47|D K,, Ol A
210{Z|= homology class 9| J|£E MiL|C}:

Iu,a(iyaj — ( zhaj—l _ zi,aj) _( iiihajil _ ﬂz';l’aj).

> (RU{oo})? 20l & (a;, a;) E multiplicity p; Y2 2OH
persistence diagram O| £ L|C}.

9

y=2/27 )=(z/22)?
A & W [i=1]i=2i=3]i=4
j=4 0 0 0 0
j=3 1 1 1
j=2 1 2
Hi(Ka)=2/2Z Hi(Kq) = =1 1

N . &

15 /114



Persistence Diagram & Persistent Homology & HH £|2|
=
Hd=% LIEFEL T
> Z} filtration 2Y=2| & (a;, a;)0ll CHiSH, K,,0lA 247122 K, 0l M
uA017\||_ homology class ©| 744:Z AL|Ck:
Mii,aj — (6;,',3/71 _ BZi,aj) _ (ﬁii—haj—l _ Bzi—lyaj)-
> (RU{oc})? 20l & (a,a;) E multiplicity u; 72 2™
persistence diagram O| E!L|C}.

H(Ky) =2/ 22 )=(zf22)? 2 a
A AI £ ch °
© -
[}
[a)
o |
N

Hi(Ka) =222

Hi(Ke) =
[ T T T T T 1
1.0 15 20 25 3.0 35 40
N 4N

1.0

16 /114



840 2f|HIS O 2 EE filtrationg THE £ & LCH
> A S8 ket I 20N FolEl &4 f 1 K — R7F AS W, F2
sub-level filtration sub(f)E 32} 7FO| Ao|EtL|C}:

sub(f) :=={{c € K: f(0) < L}} g -

Simplicial complex Function values
1 0 1
0 2 0
1 0 1
{r=o} fr=1} fr<2}
.
C -

17 /114



> CHf| Sefal ket 1 oM FolE a4 f: K — R7} S I, 2
Of2H2{|& (sub-level) filtration sub(f)S Ct21} ZH0| Aol&tL|C}

super(f) :={{oc € K: f(0) > L}},cg -

18 /114



k0| H A2 22 E] persistent homologyE A4t
& sur
PN —| .

> CH| =84 Ko 1 20M delE &4 f: K — R7t /S W, f2
Of2H2{|& (sub-level) filtration sub(f)& Ct21h Zt0| Zo|gHL|C}:

sub(f) :={{c € K: f(0) < L}} i -

> 12 E2E{ AHAHSH persistent homology = persistence diagram=
Dgm(f)2 &L|C}

o
I~ . A
{r<0} LE)) (<2} @
. EI
wn
=
o
7 T T T 1
00 05 1.0 15 20
C C

Birth
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Fotst Ak =Z 2| Persistent homology2 & 7|2 7£R9|
Persistent homologyS =dg 4~ Q&GL|C.

Circle 25 samples
n n
- ° - e
o o
ca P c — ] A
S w
(] []
[a T, 0O n
o | o 7|
.
o _| o |
© 7 T T 1 © T T 1
0.0 0.5 1.0 1.5 0.0 0.5 1.0 15

Birth Birth
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Fotot A= 9| Persistent homologyZ2F & 7|2 L2RQ]

2 =2 st A OIAL_||:|-

Persistent homologyS& =8¢

Death

0.5

15

1.0

0.0

15

Circle
—0
A
T T T |
0.0 0.5 1.0
Birth

T

Death

0.5

15

1.0

0.0

50 samples

0.0 0.5 1.0 15
Birth

21/114



Fotot A= 9| Persistent homologyZ2F & 7|2 L2RQ]

2 =2 st A OlAL_||:|-

Persistent homologyS& =8¢

Death

0.5

15

1.0

0.0

15

Circle
—0
A
T T T |
0.0 0.5 1.0
Birth

T

Death

0.5

15

1.0

0.0

100 samples

0.0 0.5 1.0 15
Birth
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S =22 2A|(Homology)2} Persistent Homology
Persistent HomologyS SHA 22 Z45t7|

QA A= 24 (Topological Data Analysis)2 7| ASH&0| &
Persistence LandscapeE O| &350 £4J(Feature) 2t=7 |
Circular CoordinatesE O| &350 £44(Feature) 2t=7|

R I{7|Z] TDA: 2|4 2tz 2ME 2ot A ALt =+
CIA|(manifold)0i| M| HE &, 2| g, Z& &
Persistent Homology2} Persistence Landscape
Persistence Homology2} Persistence Landscape2| SHA4 =4

= T o—

J21d(regularity) 22

Hupper bound)

F(Iower bound)
2ol A20| AbsH

CHFA| (manifold) 2| Xt 22| O|L|BHA 2| (minimax risk)

0x 0
r°|'

rol

O ol

t
|

U
rII

otut 515
CHotH (manifold)2] reach 22| O]L|%2 2/ (minimax risk)
reach@} 7|5} #+=&
reach 242k} 2M

SIINEINE S,
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F

lo]]
\J
|0

0
£
:

Bottleneck distance= 110f ArE5t=

—

28g + AU g Fe

SR

Theorem
[Edelsbrunner and Harer, 2010][Chazal, de Silva, Glisse, and Oudot,
2012] K& Ctxl| 28t (simplicial complex)2f 511 f, g : K — RE &

str2f efLCt. Dgm(f)2f Dgm(g)& Z10f 4&5f= persistent homology
23 3 o, CS0] HEIEHICE

Weo(Dgm(f), Dgm(g)) < [|f — &llco-

24 /114



Persistent homology2| AI2||= 10| &AES5t= 49|
etz ALk &~ USLCH

njo

At He|28H, P(|[fu — fx|]| < c) 21— o 28 R
P(WOO(ng(fM)a ng(fX)) < Cn) > P(Hf/\/’ - fXHoo < Cn) >1-a

2tM iy 2l AZ|C|E persistent homology Dgm(fy)2| A12|C|2 0|8

25 /114



Persistent homology2| 412|0|= RAEMOZ AlLkgt 4=
AL

UELIC.
SAEM A N2|ZE persistent homologyOl| 428 4~ QICH= Z10|

SHEAS LT
> Fasy et al. [2014b] O| SHYU =22 (kernel density estimator)Of| A

B30
» Chazal et al. [2014] O] distance to measure®@} kernel distanceOi|Af
AL
EaELc
Circle 500 samples
o o
™ [}
3 p
o o
] ]
— —
S * 0dim S
A 1dim
o o
3 3
S fFTrT T T T S
000 010 020 030 000 010 020 0.30
Death Death
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QA A= 2 (Topological Data Analysis)2 7| Al&H&50| S
Persistence LandscapeE O| 23510 £44(Feature) Bt=7|
Circular CoordinatesE O|25t0{ £4(Feature) 2t=7|
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QA A= 2 (Topological Data Analysis)2 7| Al&H&50| S
Persistence LandscapeE O| 23510 £44(Feature) Bt=7|

28 /114



ot Ak =2 O] Persistence La
O| Persistence Landscapes

Circle
n
— —
o
o
= _
o 8.
= o
©
o] _
a
L
o _|
o I T T T 1
0.00 0.10 0.20
(Birth+Death)/2

ndscapeL 2L E| 7|4

o = 2sH

S 2% 4 ALLTH

500 samples

N
s
= o
m o
.Ic o
©
()
a

o

Q

? T | | | |

0.00 0.10

(Birth+Death)/2

0.20

20/114



Persistent homology2| AI2|| 2 Persistence Landscape?|
ABHZ HSE 4+ ALk

Circle 500 samples
n
— —
o
o o
= ] €
= = [Te)
m 9 m o
= £ ©
S @
0] | 0]
a a
o
U’ o
o 4
< T T T ] @ 7 T T T 1
0.00 0.10 0.20 0.00 0.10 0.20

(Birth+Death)/2 (Birth+Death)/2
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oo-landscape 7{2|+& persistence landscape 2ZH0f| 72|
=
L C}

Definition

[?] D1, D& HE9| multisetO|2} 5t11, 10f| 3HESH= persistence

landscapeE A1 , A\22t1 SELCH oo-landscape 2|= CHE1t 20|

20| BH|C}-

Noo(D1, D2) = ||A1 — A2l|oo-

0.15

A

[ T T T T T 1
0.00 0.10 0.20 0.30

(Death-Birth)/2
0.05

-0.05

(Birth+Death)/2
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oo-landscape AH2|= 10| CHEE|= &4 72t Hel2
2 4 JUSLICE 2HE N H2|(stability theorem).

f.g : X > RE F g~2 £, 10| off55H= persistence landscapeE

Noo(A(F), M) < IIf — &lloo-

32/114



persistence landscapel| A2|[|= EAEZHO Z At
O| A |__| |___|-
> 7| M1} HE X9 persistence landscapeS 2tZ A\t Ax =2

=5 LICH o-dd H2|(stability theorem)2 25 1,
P(||fu — x|l < ) > 1 - o= 32 FESLCH

P (Ax(t) — o < Am(t) < Ax(t) + a¥t) = P(||[fur — || < ) > 1—a,

et ti2e= a2l £y Q| AZ|T|E persistence landscape Ay 2|
A2l Z ALY 4~ ST

ﬂJ°T"

_I_

Circle 500 samples

o\

I 1
0.00 0.10 0.20 0.00 0.10 0.20

0.15

(Death-Birth)/2
0.05
(Death-Birth)/2

0.05

-0.05
-0.05

(Birth+Death)/2 (Birth+Death)/2
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persistence landscapel| A 2|0l= RAEMOZ AlLret 4~
SuLict

> persistence landscape®| A 2||= multiplier bootstrapQ 2= AH|AtSt
2 UELICE [Chazal, Fasy, Lecci, Michel, Rinaldo, and Wasserman,
2014].
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PLLay= 0|2 7}5(differentiable)gL|C}.

> S35 (deep learning) 2H 2 Of7HH 4= (parameter)E H O} (back
tion)2 2 HYR=0|, 0= ZA}2(gradient descent)S &
(layer)BtCt HE3t= AYLICE

2
> AZ2EHS 20| 8Hy 7t55t2{H, 20| 0|8 Jts(differentiable)3HOF

Theorem (Theorem 3.1 in Kim et al. [2020])
PLLay 8 Sy..= 22 XOf CHofl OJ2 7}5(differentiable) &fL|CF.
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PLLay= Q& A (stable) I L|Ct.

» PLLay= persistence diagram 2| B#1S}H0|| TS QF4 A (stable)L|Ct:

Theorem (Theorem 4.1 in Kim et al. [2020])
L= persistence diagrams D, D' Off CH5f],

|59,W(D) - SG,w(D/N = O( WOO('D,D/)),

Of7|A W& bottleneck distance@/L|CF.
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PLLay= Q& A (stable) I L|Ct.

> PlLLay= 2 X2o| H3}0j| CHsH Qt& A (stable) L Ct:

Theorem (Theorem 4.2 in Kim et al. [2020])
X ~ P01 P,& B&% £H(empirical distribution) 22 E&L|C}.
Dp,DxE 22t P, X 9| persistence diagramL E =& L|Cf. 12{H

50,0 (Dx) — So,u(Dp)| = O(Wa(P,, P)),

017 A Wo = 2-Wasserstein distance 2 L|LCf.
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or

f 2t &4 (Topological Data Analysis)2 7| AIst&0

0[0

o | Q
™ S

Circular CoordinatesE O|25t0{ £4(Feature) 2t=7|

38/114



Circular Coordinates = A}29| At LR E B GH= 212
=4 g elL|ct

> circuiar coordinate = A= X O|A & St 22 Jt= 4L Ct

circular coordinates loop
<
3
3
° o, ° o, . * o,
4 (4 0 %
o
[ © ]
° . ! L4
. s ) ° L4
& o
L] L]
L)
.‘. . ® e e®

0.2

0.0
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Circular Coordinates = A}29| At LR E B GH= 212
=4 g elL|ct

> circuiar coordinate = A= X O|A & St 22 Jt= 4L Ct

circular coordinates loop
<
3
3
LI R ° o, . ., . * o,
4 o % 4 o %
o
[ © ]

. ! 3 $ ©
. ° < . ° .
L4 ° ' )

*e ©5 o )
®e o ®e o ® e e®

0.2

0.0
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Circular Coordinates = A}=22| 2|AF LR = HIYS}
24 gAY

rr
N
1o

> circuiar coordinate & AtZ X O A Y&HH Tk = (SH)k O 2 Jt=
st QLCf.

circular coordinates loop
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Circular coordinates = A|AFSt M LBISH=l A
(generalized penalty function)& Af%%f At=29|
HE2 o 2 A|ZH58t 4 9lAL|C}

43}

>

>

circular coordinates & At M, 2|A3} 24| (optimization

problem)& &LIC}.
L AA|(|oss)o L, &A2 HFEOS ZM circuiar coordinate 4

=457 B & o+ ASLICE A=l /YA YEEH &

AI%@E“—I Ct.

Circular coordinates/constant edges,
1st cocycle (mod 23 - 0*L1 + 1*L2)

Circular coordinates/constant edges,
1st cocycle (mod 23 - 1*L1 + 0*L2)

1.0
4 4
. 08 Y
.’:', ¢
2 . 2
%k LY
. 0.6 =\ .
. . AN .
0 A\ 0 % e
3 28 3
. an 04 !
- - LY 2 \ 7
% Lakd L —_— a8 e .I
e | e A
. .
- .,-.; ., z. /
4 . 4 .
0.0
“a 2 0 2 4 ) 0 2

1.0

0.0

B4
AFZ40|
o —
fo| o
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R IH7|Z| TDA: 2| Atz &M 3 2lst 84| AlLh =+
CIotH(manifold)OA] B2 22 712 B4, UE B4
Persistent Homology2} Persistence Landscape
Persistence Homology2} Persistence Landscape2| SHA4 &4
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R I{Z| 2| TDA: 2|4t 7¢
CFFA| (manifold)0j| A

—‘- FU
r-||1
|o
40
9,ﬂ
ofm

ICR)
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R IH7| 2| TDAE & 0 B 228 4 Q= 845
|28k}
k4> circleUnif()}i= R2 4 0ff Qe BI2IZ0] rol & 912 ZSEZO|A n
el 2t=2E MAMeHLCh

circleSample <- circleUnif(n = 20, r = 1)

plot(circleSample, xlab = "", ylab = "", pch = 20)
o
- ] « °
0 1 e *
o ° L4
o .
© s
.
.
o %
o - e o

| I I I I I
10 nn NE 10 45/114



R IH7|Z] TDAE ZH2t 2l0llAe] He| s4-ot Y& 45
Al S efL

228 n=400719| =27t HH|ALD, HAHSO0| AL

X <- circleUnif(n = 400, r = 1)

lim <- c(-1.7, 1.7)

by <- 0.05

margin <- seq(from = 1lim[1], to = 1im[2], by = by)
Grid <- expand.grid(margin, margin)

46 /114



R I7| 2] TDAS 22} {0 M| 42T 2% (KDE)S
A ZEHL|CH

7124 HUZ = (Kernel Density Estimator, KDE) pp, : RY — [0, 00)&=
Ct22t 20| Zo|gLc):

. 1 - —lly —Xi|§>
=—— ) exp| =2,
) = ; p ( T

07| h= BEOi21H4~(smoothing parameter) 4 L|C}.
SH4: kde()= 22} 9/0] HO|A B{UT2H(KDE) 2 AAFBILICH

h <- 0.3
KDE <- kde(X = X, Grid = Grid, h = h)

par (mfrow = c(1,2))
plot(X, xlab = "", ylab = "", main = "Sample X", pch = 20)
persp(x = margin, y = margin,
z = matrix(KDE, nrow = length(margin), ncol = length(margin)),
xlab = "", ylab = "", zlab = "", theta = -20, phi = 35, scale = FALSE,
expand = 3, col = "red", border = NA, ltheta = 50, shade = 0.5,
main = "KDE")
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R I§Z|Z] TDA= AHAL 2[0fA2] HL ==Y (KDE)=

L o
Cr2at Zto| Mol
: L5 e (2L 208)
= — ex AL 9
w0 = s oo (g
07| X h= HEOH21H 4~ (smoothing parameter) 24 L|C.
& kde()= AAL 219 HOM HUZ=ZY(KDE) ppE ALHRLIC

Sample X KDE

o
—
0|
o
2 i
o
FI' T T T T T

-1.0 00 05 1.0
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R I}7| 2| TDA: /4 22 242 9

rol

FEA AL =

Persistent Homology2} Persistence Landscape
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R I{7| ] TDAE AZA} 20| A 2| Persistent HomologyS
Al LFfL CY

> St grlleag(

I'II'
0

245H4~0| Of2H2f| e (sublevel) L SU2{|H

(=]
(superlevel) I5HS0| persistence diagramS | AFSHL|C}.
> gridDiag()= ZA} 0IA M7t YHELES HASHLICEH
> gridDiag()= a2 7*°§ EPZﬂ(SImpIex) 9| filtration2
obSLch

» gridDiag()= filtration2| persistent homologyS A|AH&rL|C}.

> AFEZ}= persistent homologyg H A= E-||O1| C++ 2jo|E22]
GUDHI, Dionysus, == PHATS MEHSH 4~ QL& L|CY,
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R I§7| 2] TDAE= ZAZ} 20| M| Persistent HomologyS
ALk ct

DiagGrid <- gridDiag(X = X, FUN = kde, lim = c(lim, lim), by = by,
sublevel = FALSE, library = "Dionysus", location = TRUE,
printProgress = FALSE, h = h)

par (mfrow = c(1,3))
plot(X, xlab = "", ylab = "", main = "Sample X", pch = 20)
one <- which(DiagGrid[["diagram"]][, 1] == 1)
for (i in seq(along = one)) {
for (j in seq_len(dim(DiagGrid[["cycleLocation"]] [[one[i]]1]1)[1]1)) {
lines(DiagGrid[["cycleLocation"]] [[one[i]]]1[j, , 1, pch = 19, cex = 1,
col =i + 1)
}
¥
persp(x = margin, y = margin,
z = matrix(KDE, nrow = length(margin), ncol = length(margin)),
xlab = "", ylab = "", zlab = "", theta = -20, phi = 35, scale = FALSE,
expand = 3, col = "red", border = NA, ltheta = 50, shade = 0.9,
main = "KDE")
plot(x = DiagGrid[["diagram"]], main = "KDE Diagram")
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R I{7| ] TDAE AZA} 20| A 2| Persistent HomologyS
ALBILICE
> 514 gridDiag()= @240 Of22 W (sublevel) & 12
(superlevel) 2I8HS0| persistence diagram= 74|M°H—|Ef
> gridDiag()= Z{2} QIOllA A4t UABSE A S CE
= Yy

> gridDiag( =S 9| 7*O§ Ef7\1|(5|mp|ex)E_Q| filtrationS
oLt
» gridDiag()= filtration2| persistent homologyS A|AH&FL|C}.
> ALEZ}= persistent homologyS AlAHSt= H|0f| C++ 20| E2{]
GUDHI, Dionysus, £= PHATS MEHSH 4~ QL& L|CY,

=

Sample X KDE KDE Diagram

N / TN

Birth

000 005 010 015 020 025

T T T T T | E— m— —
-1.0 -05 0.0 05 1.0 000 005 010 015 020 025
Death
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R I{7|X| TDA= Vietoris-Rips Persistent Homology=
Al LFfL CY
> Vietoris-Rips =& 4|(complex)= At0|2| H2|7t Z|CH 2r O|LHQI
LA EESZ 0|F0{ 2 CthHA|(simplex)E2| 2YJYLCt =,

Rips(X,r) = {{x1,...,x} C X : d(x;,x;) <2r, forall 1 <ij<k}.

0.0 05 1.0

-1.0

-10 -05 00 05 1.0

> Vletoris-Rips filtration Vietoris-Rips S &A|0| M r& MA{3]
SIHAZ|HA 2t=0{&L|Ct 53 /114



R I{7|X| TDA= Vietoris-Rips Persistent Homology=
Al LFfL CY

> &k ripsDiag()= AT 2I0IA 2ES0{ 2! Vietoris-Rips filtration2]
persistence diagram= 2| 4AFghL|CY.
> ripsDiag()= AL=Z2FE] Vietoris-Rips filtration2 25L|CH
» ripsDiag()= Vietoris-Rips filtration 2 22 E{ persistent homologyS
ALkt
> AIEA}= persistent homologyE A| 4t 3fE glofl C++ 2to|E2{e|
GUDHI, Dionysus, £= PHATS MEHSH 4~ QI&L|CY,

DiagRips <- ripsDiag(X = X, maxdimension = 1, maxscale = 0.5,
library = c("GUDHI", "Dionysus"), location = TRUE)

par (mfrow = c(1,2))
plot(X, xlab = "", ylab = "", main = "Sample X", pch = 20)
plot(x = DiagRips[["diagram"]], main = "Rips Diagram")
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R I{7|X| TDA= Vietoris-Rips Persistent Homology=
Al LFfL CY

> &k ripsDiag()= AT 20X 2ES0{ 2! Vietoris-Rips filtration2]
persistence diagram= A|AFRHL|CY.
> ripsDiag()= AL=Z2FE] Vietoris-Rips filtration2 2HSL|CH
» ripsDiag() Vietoris-Rips filtration @ 22 E{ persistent homologyS
ALkt
» AF2Z}b= persistent homologyS 74|*._6ff glofl C++ 2to|E2{2g|
GUDHI, Dionysus, £= PHATS MEHSH 4~ QI&L|CY,

Sample X Rips Diagram
S ce——— . &
<
0 "
o | \ 2
5
e H <
g / 8
o | [ -’ o
1 T T T T T © T T T T T l
-1.0 -0.5 0.0 0.5 1.0 0.0 0.1 0.2 0.3 0.4 05

Birth
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R I§{7|X| TDA= Persistence LandscapeS A|AFghL|CY.

> persistence diagram D2Q| birth-death % (b, d)22E &
p=(xy)= (22, %) ct'”of_' 0| pe BA|HO2 B EHIE
DOFO| B4 A 2 MZESHL|CE

=
» DO| persistence landscapes= Ct21} ZH2 459 2 QLT

N o
> =+

Ak(t) = kmax,Ap(t), te€[0,T],keN

07| A kmax= 2SO0 kHRZ 2 kS SL|CH

> k4 landscape()= persistence landscape &4 Ak (t)

rulru

Al LFgfL et

tseq <- seq(0, 0.2, length = 1000)
Land <- landscape(DiagGrid[["diagram"]], dimension = 1, KK = 1, tseq = tseq)

par (mfrow = c(1,2))
plot(x = DiagGrid[["diagram"]], main = "KDE Diagram")
plot(tseq, Land, type = "1", xlab = "(Birth+Death)/2",
ylab = "(Death-Birth)/2", asp = 1, axes = FALSE, main = "Landscape")
axis(1); axis(2)
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R I§7|A| TDA= Persistence LandscapeS A|AFgHL|C}.
> persistence diagram D2| birth-death % (b, d)Z2FE &
p=(xy)= (29 %52)& 42stn, o] p5 DO Bt EHE

7 200 2/
20| 34 A, S MZIEILICE

» DO| persistence landscape= Ct21} 22 gte=0| D UQILCE

Ak(t) = kmax,Ap(t), te€[0,T],keN,

O71M kmax= HEIOIM KHAZ 2 442 SHCH

> &t landscape()= persistence landscape &4 A (t)E Al4AHEILICH

KDE Diagram Landscape
©
] =
c 5
£ g3
=] £ o
° g
(ST
S S
=] S
= T T T T 1
000 005 010 015 020 025 0.00 0.05 0.10 0.15 0.20

Death
(Birth+Death)/2
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RIH717] TDA: 914 242 £4/2 2

rol

FEA AL =

Persistence Homology2} Persistence Landscape2| SHA4 &4
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R I{7|Z| TDAE &2 RAER LZ|T|S AL C.

4= bootstrapBand()= E[pn]2] (1 — o) RAEY 42| (bootstrap
confidence band)E A|4AHetLICY
bandKDE <- bootstrapBand(X = X, FUN = kde, Grid = Grid, B = 20,

parallel = FALSE, alpha = 0.1, h = h)
print (bandKDE[["width"]])

## 90%
## 0.05836494
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R I§7|X| TDA= persistent homologyQ| A E 24
NZ|T|Z A AL
E[pp]2 (1 — o) RAEZ A2|U|(bootstrap confidence band)7f
persistent homologyQ| SAE&H MZ|U| 2 AR ElL|CT.

par (mfrow = c(1,2))

plot(X, xlab = "", ylab = "", main = "Sample X", pch = 20)
plot(x = DiagGrid[["diagram"]], band = 2 * bandKDE[["width"]],
main = "KDE Diagram")
Sample X KDE Diagram
©
-
| Q
o S
<
31 H @ S
| [=}
9 g
T L R 1 o
-1.0 00 05 10 0.00 010 0.20

Death
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R I{7|X| TDA= persistence landscapel| A E M
AM2|T|E ALk ct

E[pr]2 (1 — o) RAE 2| (bootstrap confidence band)7}
persistent homology2| | b'," ME|C = AR E L C

par (mfrow = c(1,2))
plot(X, xlab = "", ylab = "", main = "Sample X", pch = 20)
plot(tseq, Land, type = "1", xlab = "(Birth+Death)/2",
ylab = "(Death-Birth)/2", asp = 1, axes = FALSE, main = "500 samples")

axis(1); axis(2)
polygon(c(tseq, rev(tseq)), c(Land - bandKDE[["width"]],

rev(Land + bandKDE[["width"]])), col = "pink", lwd = 1.5,

border = NA)
lines(tseq, Land)
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R I{7|X| TDA= persistence landscapel| RAEEH
AM2|T|E AL CH

E[p]2] (1 - a) RAEY 42|

(bootstrap confidence band)7}

[
persistent homology2| ZAEgh AMZ|L|2 AR EL|CY

0.0 05 1.0

-1.0

Sample X 500 samples

L
(Death-Birth)/2
0.05

M . \
-1.0 0.0 05 1.0 0.00 0.10 0.20

-0.05

(Birth+Death)/2
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Ct

o
=
i

]

E)

anifold)2| 2t 2
(regularity) A
upper bound)
lower bound)

O ZPo| M5t} 53t

0z oX 9
N
0x

ue gl
r& rok ol |
J}‘J-/'\/\

ZLINHSLTEN

o
-

LS|
o

(minimax risk)
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CHER||(manifold)2| X2

49| O|L{ WA 2 (minimax risk)
Azl (regularity) 271
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HF21 CHFA|(supporting manifold) M2 A QIL|C}
(bounded).

M C I :=[-K;, K]™ C R™ with K, € (0,0)
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2lo|2 E+5t CHYA|(manifold)2 TI|317| 2|5H, reachOf|
ShetOf Ut ZhE STt

» P is a set of distributions P that is supported on a bounded manifold
M, with its reach 7(M) > 7, and with other regularity assumptions.
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O|2 E&ot Tt (manifold)E I|St7| 2|5, reachd]
Sto] QUCE Th-ERiL|Ct

» M is of local reach > 7, if for all points p € M, there exists a
neighborhood U, C M such that U, is of reach > 7.
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» Distribution P is absolutely continuous to induced Lebesgue measure

voly, and % < K, for fixed K.

» This implies that the distribution on the manifold is of essential
dimension d.

> P;’,’Kg,KP denotes set of distributions P that is supported on
d-dimensional manifold of (global) reach > 7, local reach > 7, and
density is bounded by K.

68 /114



CHEA|(manifold)Q| 2t 29| O|L|YA 2|& (minimax risk)

St upper bound)
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Aolo| 2HEO| Z|CHR ™ (maximum risk)O| O|L[2HA
2| (minimax risk)2| &et(upper bound)O| &l L|C}.

Ry = inf sup Epto [1 (dfma(X) # dim(P))]

< sup Ep) [1 (diAmn(X) # dim(P))]

PP

kol 2|CH2|E (maximum risk)
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Q| FA|(Traveling Salesman Problem, TSP) A=2& 24
He He5| o MO 2 Lt THY B2 HRE

O ediL- O
s L

e

4http://www.heatonresearch.com/fun/tsp/annea|
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oﬁ -|0

lO lO

Z 4 (estimator)
di-Aleet Z0[7}

|'|.|S ro

> LHA|H 2t2l0] =& mf, TSP Z=22| Z0|= 4 HA|= Z&0|
UAGLICE
>
dfm,,(X) =d —
min ZHXU (i+1) — Xo(i |8 < C,

Oi7|0|M C& YLt
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d-
» Our estimator makes error with probability at most O (nf(ffl)")
if intrinsic dimension is d>.

» Our estimator is always correct when the intrinsic dimension is dj.
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0!

i
rlo
I=
=

c
(n‘<df1>">§ o22 Wit

» Based on the following lemma:

Lemma
(Lemma 6) Let Xy,--- , X, ~ P € P*

Ky kg, Kp?

n—1

PO IS Xy — X[ < L] S A"

i=1

2 21210| Y 1f 28
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2|9 =2 UAHY 2rH0| 1Y M= AL
2B L

» Based on following lemma:

Lemma

(Lemma 7) Let M be a di-dimensional manifold with global reach > 7,
and local reach > 74, and Xy,--- , X, € M. Then there exists C which
depends only on m, di and K;, and there exists o € S,, such that

> I Xoiis1) = Xop I < C.
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= WA 2140 i W= AL

rlo

=
T

L|C}.

ox 0
Jtoi U
o 10

n—1
> IXogs1) — X
i=1

» When d; = 1 so that the manifold is a curve, length of TSP path is
bounded by length of curve voly(M).

M

Y1 Xo(n—2)

Xoq) Y < wolp (M)

» Global reach> 7, implies voly (M) is bounded.
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S2|o| 2H2S LA 20| d,Y T ALt
gL

n—1
Z”XJ(H—I) — Xl < C.
i=1

» When d; > 1, Several conditions implied by regularity conditions
combined with Holder continuity of di-dimensional space-filling
curve is used.

] [ eil==il=ail=

| Ll e TV

| ol (YA !
Tt pgs S

3 i— ol _|l T
. , T ) E_l I.] e
1__13 L rﬂL_] [_J'—-‘

1 2 3 4 12345 ..

-]
=
=1
—

=

(d)
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g2 WA atd0] diE e AL

n—1
D I Xog+1) = Xo( i < C.
i=1

» When d; > 1, Several conditions implied by regularity conditions
combined with Holder continuity of di-dimensional space-filling

curve is used.
Lemma
(Lemma 22, Space-filling curve) There exists surjective map
g : R — RY which is Hélder continuous of order 1/d, i.e.

0<Vs, t <1, |[va(s) — pa(t)||ge < 2vd + 3|s — t|*/9.
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d-
O|L|BA 2|F (minimax risk)= O (n‘@‘l)”)i Sy

L.

Proposition
(Proposition 9) 1 < diy < dp < m¥ ff, CfE0[] & &latL|C}:

inf  sup  Epw [1 (diAm,,(X) # dim(P))] < n (&),
dim,pePd1Updz
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CHEA|(manifold)Q| 2t 29| O|L|YA 2|& (minimax risk)

51t (lower bound)
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Le Cam?| E2 Y27} AAHQ| CHE &2 E =9 A4
2t0[0f| 7|85t 2tH= =Yst= O|of| shet=
AHlS e
Lemma
(Lemma 10, Le Cam’s Lemma) PE B&E2E9[ £/8f0/2f =11,
Ph Pt C PE BE P e PUo) Cfe, i = 1,22 0f 6(P) = 0,5
D}—‘—‘D'L/:IL-U JFYEHCE 219]9] Q; € co(P;)0f Chal, g & 2= vof Cffst

Qo YEFZ ELLICk 2242,

infsupEp {1 (diAmn(X) + dim(P))}

0 PcP

81/114



= |_—|E
=25 F2UY T C [-K, K" s 29| &gl

5
P, PSS ZHELCE

X= (X . X,) € TS BEE 1f & 2US 2257)
|.

» The lower bound measures how hard it is to tell whether the data
come from a d; or dy -dimensional manifold.
> T, P and P£2 are linked to the lower bound by using Le Cam’s

lemma.
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Le Cam@| EXZ2|= & UET 40| 2|4 g1 A g0
7|8t5101 5132 2=, O] Tf gy, g 242t PLio)
2| 222218 (convex hull)2} PS2o| 2| AE22 2150
UG LI

Lemma

(Lemma 10, Le Cam’s Lemma) Let P be a set of probability measures,
and P9 P% C P be such that for all P € P%, (P) =0, for i = 1,2.

For any Q; € conv(P;), let q; be density of Q; with respect to measure v.

Then

|r;fgg7p)IEp { (diAm,,(X) # dim(P))]
> w sup / [g2.(x) A g2 ()] d(x).

Q;€conv(P)
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AOOf x = (x1, -+ ,xp) € T01| Clolf, & Zéﬂ(regularity)
Eral=) Elli—f-ﬁf:’— X1, o xpe AL di-RFE CHEA|
(manifold)7t ZA5t=E TE 48 l:f

> T;'s are cyllnder sets in [~ K, K], and then T is constructed as

T=S, H T;, where the permutation group S, acts on H T; as a
i=1 i=1
coordinate change.

2K,

[ o] [T=n] T}
A
/|

| ol T=] T

C

(sl [=] ] |*™
E
Dk

L Inl T=[ T

84 /114



olo|

|O

oSl x — (1) € TOH Il B2 S ogulry
ZAZ OEo40 w2 AILIS o312 T
(manifold)7} ZHFHEE T2 TATC

> Given xq,---,x, € T (blue points), manifold of global reach > 7,
and local reach > 74 (red line) passes through xi,- - , X,.

0

I T T T °

I

T T \
v

| TaT~Jam [ 7]

K

. —

[~ Jem | T a |
N

e [ o] -
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Pdlgx—(xl,'- )E T f X100, xp= AlLtE
CIYAIE waoR stestg e mo| Eo|n, Phl

= —|sa

[—Ki, Ki]= 219 #S=2Z stz 9E ey |—I Ct.
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X € TO|¥, X9| SE&ZJ} POt P520f
o UA=Al TS| dSU T

> There exists Q; € co(P) and Q, € co(PS) such that
g1(x) > Cqo(x) for every x € T with C < 1.

» Then g1(x) A g2(x) > Cqa(x) if x € T, so C [; ga(x)dx can serve
as lower bound of minimax rate.

» Based on following claim:

Claim

(Claim 25) Let T = S,[[ T;. Then for all x € int T, there exists C > 0
i=1
that depends only on «;, K;, and r, > 0 such that for all r < r,,

Q1 (B(xi r)) = CQ2(B(xi,r)).
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D|L|ZA 2|F (minimax risk)£ Q (n~2(%-d)") 2 5}510|
UL

Proposition
(Proposition 14)

inf  sup  Epw {1 (diAmn(X) + dim(P))] > p2da—di)n,
dimpepdiyupdz
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CHEA|(manifold)Q| 2t 29| O|L|YA 2|& (minimax risk)
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El,z == DX_Ilgl_ 0—1 _/.\_/U%I-_/F% _T)_F_:i%l-l__| |:|-_

S TOT =0

Ry = inf sup Epo [1 (diAm,,(X) 4 dim(P))]

» Now the manifolds are of any dimensions between 1 and m, so

m
considered distribution set is P = |J P.
d=1

» 0 — 1 loss function is considered, so for all x,y € R,
l(x,y) =I(x=y).
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9
°

oL A 2| (Minimax risk)& O (n el >9§ ‘]
g3, Q (n?") 22 3}5H0| gLt

Proposition
(Proposition 16 and 17)

=27 < inf supEp { (diAm,, + dim(P))] N
dim,PeP
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CHEA|(manifold) Q| reach £&2| D|L|WA 2| (minimax risk)
reach@} 7|5} #+&
reach 2 2F}

DIL_IDHA B

— T OO

A
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CHEA|(manifold) Q| reach £&2| D|L|WA 2| (minimax risk)
reach®} 7|3} +&
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e M2| medial axise M &O|M 71 7172 A& 0|
z|Aot & 7 O] 42l =2 et LY.
>

Med(M) = {z € R™ : there exists p # g € M with
lp = z| = llg — 2|l = d(z, M)}
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M| reach&= (Ty= H7|) M2| medial axis Med(M)
C29E( M7IAI9| 72lQLC

= inf —vyll.
™ xEMedI(nM)JEMHX yH

05 /114



reach Ty= M2 Z9| At (projection)0| & AHo|Z|=
zZ|cHe| @ EAMll(offset) 27| L|C.

—  inf .
™ xeMedI(nM),yEM HX yH
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reach 712 M Q01N 2212 4 QU= B(ball)Q) HH2|Z0)
2|cf 27|uic

» When M C R™ is a manifold,

2
_ llg2 — qull
G2#qGEM 2d(q2 —q1, Tq1 M) ’

™
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H = (bottleneck)2 CHAA|O| A A}7| 1 2} (self-intersecting)
off 7FA 42! 7|stetAd =L Ct.
Definition

(Definition 3.1) A pair of points (g1, g2) in M is said to be a bottleneck
of M if there exists zy € Med(M) such that g1, g2 € B(zo,7v) and

g1 — q2|| = 27m.

llar — |
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reache= = (bottleneck)Ol|A] M7|HLE (A, global)
=850 2 F20[M HALICH (=344, local).

Theorem
(Theorem 3.4) At least one of the following two assertions holds:

» (Global Case) M has a bottleneck (q1,q2) € M?.

» (Local case) There exists go € M and an arc-length parametrized ~q
such that 70(0) = qo and ||/ (0)]| = =

™ "
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CHEA|(manifold) Q| reach £&2| D|L|WA 2| (minimax risk)
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» The risk of the estimator 7 is the expected loss the estimator.
Epw [€(F(X), Tm)]-

> X ={Xy,...,Xp} is drawn from a fixed distribution P with its
support M.

> The loss function used is (7, 7') = |2 = %|°, p > 1.
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» The risk of the estimator 7 is the expected loss the estimator

]
> X ={Xi,..., Xy} is drawn from a fixed distribution P with its

support M.
> The loss function used is ¢(7,7") = |1 —

1 1
™ %(X)

Ep {

1
=

i g>1.
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» The reach estimator has the risk of O (nfg) for the global case.

2
» The reach estimator has the risk of O (n* BdL) for the local case.

llar = a2l
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reach 2P L2 HH F=20] O (n~9)9| Z/CHLE
(maximum risk) & A|EIL|C}.

Proposition
(Proposition 4.3) Assume that the support M has a bottleneck. Then,

q
Epn|: 1 1 :l Sn_g.

™ &)

llar — gl
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reach 2HYL 242 A0 0 (n 59" ) | Z0h 97
(maximum risk)& A L|C}.
Proposition

(Proposition 4.7) Suppose there exists qo € M and a geodesic vy with
70(0) = qo and |75 (0)|| = ;5. Then,

q

:| S n- 3:1211 .

™ "

Lt
™ ?(X)

Ep {
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CHEA|(manifold) Q| reach £&2| D|L|WA 2| (minimax risk)

ANLTENEESL

=
T oo
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r§
<2
N
0o
ujo
o
r
12
>
10
ot

reach 28 A2 SA
(minimax risk) 22 —l'?'_—

» Minimax rate is the risk of an estimator that performs best in the
worst case, as a function of sample size.

>
Ry = inf sup Epn [((7n(X), )] -
o pep
> X ={Xy,..., Xy} is drawn from a fixed distribution P with its
support M, where P is contained in set of distributions P.
» An estimator 7, is any function of data X.
> The loss function used is (7, 7') = |2 — % |, ¢ > 1.
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reach 23 S|0] E70I 0222 O|L|LA 93
(minimax risk) 22 &A1grL|C}.

» Minimax rate is the risk of an estimator that performs best in the
worst case, as a function of sample size.
q]

> X ={Xy,...,Xn} is drawn from a fixed distribution P with its
support M, where P is contained in set of distributions P.

» An estimator 7, is any function of data X.

> The loss function used is ¢(7,7') = |1 — 1|7

>
1 1
R,=infsup Epsn || — — ———
# P€7p? F |:7'M 7a(X)

,q>1.
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22|9| Ao Z[CHY & (maximum risk)O| OfL|2HA
—?—|6D4(minimax risk)9_| é,"@'(upper b0und)0| =L C}.

R, = inf sup Ep» [
™ PEP

< sup Epn [
PeP T

P) #(X)

2219 2329| 2|02 & (maximum risk)
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OfL|2A 2| (minimax risk)&= O (n_s’jil)i

gL

Theorem
(Theorem 5.1)

inf sup Epn [
Tn PEP
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B IO reach 2}0|2} EA|A

=
2351 o] 5152

0|

Le Cam8| ERXEE|= &
21010]| 7|8tst0] reachS

7{2|(total variance distance)= CHS 2t

HseH
> S SRR MHE
Jo|gL
TV(P,P')= sup |P(A)— P'(A).
AEB(RP)
Lemma
(Lemma 5.2) P, P’ € P 2}2t9] BFz(support)S MIf M’ 0|2} £&L|C}
J2{
1 1 ! 1 1 9 2n
. e — ——| | 2| — ———| (1= TV(P,P))".
nf sup B || = 5| | 2| s~ | @ TVPPY)

™ PEP
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e SEEX P, P'E =0, 152| reache
CI2X|C S EF X XAz SAXLZ LE5H| O EA|
L =& 2L

>
1 1 1 1|9
inf sup Ep» { — = ] 2= -—| a-Tv(P.P)".
Tn PEP ™ Tn ™ ™'

» The lower bound measures how hard it is to tell whether the data is
from distributions with different reaches.

» P and P’ are found so that
(1= TV(P,P))*" is small.

1 1 q . .
= — —’ is large while
™ Tm!
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Jtok

=
S
Ol =21 =

P= P(sphere) 2|0
T(bumped sphere) 2
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|2 A 2|& (minimax risk)E= Q (n~¢) 2 3+5H0| ElLIC

Proposition
(Proposition 5.6)

inf sup Epn {
n PEP
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