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letaotol Alz: HH 2fIo| 24 AR
> 2| 25t2E 229 A5k FHO| U= J2in
>

T 2T (7|2 M2 nxlstR| obs J2fm)o| AL,
V(BRIH 21%) — E(H2] 7H4) + F(BQ 2i4) = 1

> V-E+F=5-6+2=1

> V-E+F=4-6+3=1
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JIAstE: Al=E

Job

FeoiA 2HAIE © & S|

» Machine learning is a field of inquiry devoted to understanding and
building methods that 'learn’, that is, methods that leverage data to
improve performance on some set of tasks.3

> AZSE: QEXQI |HSEOR of2f 202 49l P22 &/0]
Rl BHS SEFLIC

Deep Learning

& — st - I

Input Feature extraction + Classification Output

3http-://en. ikipedia.org/wiki/Machine _learning

https://semiengineering.com/deep-learning-spreads/
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7|AlstE: A= E StadiM AAIE T & SliLY
» Machine learning is a field of inquiry devoted to understanding and
building methods that 'learn’, that is, methods that leverage data to
improve performance on some set of tasks.’
> UZ: BEHO AEHE0R ofgf £o2 49l RER o]
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Algo| 9N PREHE HWE A 4 UL

Millennium Run
10.077.696.000 particles » |

7 http://www.mpa-garching.mpg.de/galform/virgo/millennium /poster _half.jpg
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> RZ2F 2} (Georges Seurat), 1HE ZE MOl URYU 2F (Un

dimanche aprés-midi a I'lle de la Grande Jatte)
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Persistent HomologyS SHA2 2 YA 2Ads5t=4]
Ot LTt

> 2|4 A= EAM(Topological Data Analysis) 27
» Computational Topology: An Introduction (Edelsbrunner, Harer,

2010)

» Topological Data Analysis (Wasserman, 2016)

» An Introduction to Topological Data Analysis: Fundamental and
Practical Aspects for Data Scientists (Chazal, Michel, 2021)

» Persistent HomologyS S4X 22 24 5}7|
» Confidence sets for persistence diagrams (Fasy, Lecci, Rinaldo,
Wasserman, Balakrishnan, Singh, 2014b)
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Qa At= M (Topological Data Analysis)2| 7| AHets
(Machine Learning)0{|2] S22 A1 ELICE.

> QA 22 £M(Topological Data Analysis, TDA)S 7|A|&tS
(Machine Learning)0f| &
» A Survey of Topological Machine Learning Methods (Hensel, Moor,
Rieck, 2021)
> 2l A= B4 S 0|85t0] E4(Feature) 2S7|
» Efficient Topological Layer based on Persistence Landscapes (Kim,
Kim, Zaheer, Kim, Chazal, Wasserman, 2020)
> Generalized penalty for circular coordinate representation (Luo,
Patania, Kim, Vejdemo-Johansson, 2021)
> Atz 2Ho| F2S TDAZ Bt
» TopP&R: Robust Support Estimation Approach for Evaluating

Fidelity and Diversity in Generative Models (Kim, Jang, Kim, Yoo,
2024)

> R II7|Z| TDA: 914 A= 245 st S ALt =7
» Introduction to the R package TDA (Fasy, Kim, Lecci, Maria,
Millman, Rouvreau, 2014a)
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=2 A|(Homology)Of| t2} ESFetL|C}.

zol 4 @
NG,
Al o [ 1 |2
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Underlying circle: Bp=1,3:=1 100 samples: By =100, ;=0
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Persistent homology+= &
AASED, SS2R|71 A
e

350 YoM 5B22S
Al LEILIR ARRIZIEA]

Sample, r=0.1
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Persistent homology= & g&2| ZANM S =Z2X|E

Atetl, =227t

IS

r=0.5 : 1XF&
2ol 4

Al LIEFLELL AtetA| =]

Sample, r=0.5
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Persistent homology—= &ef=2| ZA0M S =ZX|E
ALt @S2 | 7F AA| LIEFLED At2ER =4

7| = gL

r=0.5: 1A r=1: 152
THOo| 4 T&Ho| g H

Sample,r=1
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Persistent homology+= &
AASED, SS2R|71 A
e

350 YoM 5B22S
Al LEILIR ARRIZIEA]

* 0 dim (components)

r=0.5: 1X}& r=1: 1At Persistent I:Iomology
F¥o 47 PR
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Fotst Ak =Z 2| Persistent homology2 & 7|4 #£R9|
Persistent homologyS =dg 4~ Q&L|C}.

Circle 25 samples
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o _| o |
© T T 1 S T T T 1
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Birth Birth
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Fobtot A= Q| Persistent homologyZ2F & 7|2 LR Q]
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A 22 24 (Topological Data Analysis)2 Atz&£4 &

=2
o
Persistence LandscapeS 0| 2510 £ (Feature) 2t 7|
Euler Characteristic Curve2 O|23510] E4 OH&7|
Circular CoordinatesES O|&5t0 £44(Feature) 2t=7|
LA A= 24 (Topological Data Analysis)2 0|23+ It
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a
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7| Het& (Machine Learning) (OF=) CHE 27|

v

FO1R ZH|2 AA=0|| M, 7| ASHS (machine learning) /
(deep learning)2 Oi7HSHEl 28 (parametrized model)S SHEEHLICE.

F012 2t7 X,

OH7HStHel 23 (parametrized model) fy,

2A|0f 2|2l &A%t (loss function) L,

J|AEtEE EdeeE 2(435= SHE ALt U CH

arg ming L(fp, X).

> m% F%2, 2|2 HA|A AHEH(explicit formula)E FFot= A2
SI1557LE L2 HIELICH g 2 S8R AN). Tf2bA,

Veﬁ(fe,x)g 0|25t AAMH (gradient descent)S A2 EHL|CH:

vvyy

Oni1 = O0n — AV4L(fy, X).
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QA 2t= B4 (Topological Data Analysis)2 7| AI&H&
(Machine Learning)0f| S&¢fL|C}.

» A Survey of Topological Machine Learning Methods (Hensel, Moor,
Rieck, 2021)

> A Atz EM(To olog|ca| Data Analysis)2 7|AIgt& (Machine
Learnlng)oﬂ S&ote Hloll= 3 F 7HA| Yo AUk
> Y A= —Er 12 0|85t0] E4(feature)S 2H504, At=Z XOf
oIt EXS 27t5t|: of Bot YA
» PLLay: Efficient Topological Layer based on Persistence Landscapes
(Kim, Kim, Zaheer, Kim, Chazal, Wasserman, 2020)
> Generalized penalty for circular coordinate representation (Luo,
Patania, Kim, Vejdemo-Johansson, 2021)
> 2tz XLt 23 f,9 E4S TDAZ Tot: 2|2 =2
» TopP&R: Robust Support Estimation Approach for Evaluating
Fidelity and Diversity in Generative Models (Kim, Jang, Kim, Yoo,
2024)
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0lo 40

A 22 2 (Topological Data Analysis)2 AtZ&24 L 7|ASH&50|
=2
o

Persistence LandscapeE O| 23510 £/ (Feature) 27|

—
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. =2 = =
Persistent homologyE ot tH G QO FE2|E &7t
= 3StA LA

L= o S0 EE5U
» Persistent homology2| 272 JRHo =z B&5t0] 7|AstE

(machine learning) &12|& 7 =1
> Persistent homologyS ot H O QUM F2E2|E &7F
S0 @28 J(Alet5e| Yi12|S0f AREStY| Heu e
» Persistence Landscape, Persistence Silhouette, Persistence Image S
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Persistence Landscape Persistent homology2| gt~
20T}

Death
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Persistence Landscape2 & 2|4F&hH Z(topological layer)
=
1. A& X9| Persistent Homology D& A|4AtgtL|CY.
2. DEEE] Persistence Landscape ) : N x R — RS A|AHetL|CL.
3. D74 w € RK=E 0| 2510] 75 H &4
Xo(t) == SR i A(£)2 AAbsED, 0|2 BiE(St5L0] A, € R™S
QS LICH

Input Output

Persistence Landscapes
Q Persistence Diagram D /\/\\ Q

Tmin Tmax
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Persistence Landscape2L &

=

» PLLay: Efficient Topological Layer based on Persistence Landscapes

Q| AstA Z(topological layer)

(Kim, Kim, Zaheer, Kim, Chazal, Wasserman, 2020)

Accuracy for MNIST data

o
©
\

Accuracy
o
3
)

0.6

0.151
5 0.101
® 0.054

0.001

0.0 01 02 03
Corrupt and noise probability

Sd for MNIST data

Accuracy for ORBIT5K data

Accuracy

(e g---g----_g--'_g“-- v

0.151
5 0.101
® 0.054

0.001

0.0 01 02 03
Corrupt and noise probability

Sd for ORBIT5K data

L.

MLP

- MLP+S

MLP+P
CNN

- CNN+S

CNN+P
CNN+P())
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222{ X|H(Euler Characteristic)= 22422
A AbEL|CE
> CH|(simplex)Lt cubic 284 |(cubical complex)2| @ 2{ Z|H(Euler

Characteristic)= Hl|E|4(betti number)2| W CHgt(alternating sum)
QULICE: ChA|(simplex)Lt cubic S&A| (cubical complex) KOi|A],

X(K) =Y (-1 K" = Z(— )“Br,

O17|M Kke KO| k-2+@d ThA|(simplex)S2 | 2I8H0|1, B KO k
R HE|4>(betti number) I L|Ct.
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Euler Characteristic Curve= Persistent HomolgyOi| H|5H
sg8xo= AN

» Euler Characteristic Curve (ECC) C: R — R &= 22| A|H(Euler
Characteristic)E filtration2 2t | AFEHLICY

» ECC = persistent homology 2| H|AFS £=BH5}2| Q47| W20,
persistent homologyOf| H|all 8422 AHAHEL|CL

Original Image Filtration of Cubical Complexes

S1g 018 04 82 0z 82
0.4 ai| 014
ar a4
o7 m ::> ooy
o TN ATy B
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EClayr: Euler Characteristic CurveE Al25sl At =
(topological layer) BFH=7|

» ECLayr: 0|2 7158t Euler Characteristic CurveS AM23 20
LU (Robust) st 2|4t Z(topological layer) (Lee, Kim, Kim,
20267)

1 22 X2RE M O
=2} filtrationS BtSL|C}.

2. filtration@ 2L E{ Euler Characteristic Curve C : R — R & Z|4t5t1
BIE{Sl5t0] £ € RVE CHELCH

3. Oi70etEl O|27tsst &4 gy : R™ — RS AHESIO], Oy := gy(E)E
P =S

| 28 4|(simplicial complex) K2t &t fE

ve
'S
s
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e ik

< | MNIST | Adrenal3D | Synthetic
ECC | 3.13 sec 2.44 sec 0.66 sec
PH | 33.70 sec | 51.92 sec | 11.78 sec
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0lo 40

A 22 2 (Topological Data Analysis)2 AtZ&24 L 7|ASH&50|
=2
o

Circular CoordinatesES O|&5t0 £44(Feature) 2t=7|
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Circular coordinates = A}29| At LR E B 5= 21&
24 gAY

data loop
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Circular coordinates = At22| {4 LR E BIH5H=
22wl

> circuiar coordinate = A= X O|A & St 22 Jt= 4L Ct

circular coordinates loop
<
3
3
° o, °* o, o * o,
4 (4 o %
©
[ © .
° . ! L
. p ) ® “
@ o
L] L]
L)
®ee o ® e e0®

0.0
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. . E —_— ; _— A
Circular coordinates & AlAFe ff ABISIEl HA| ek
(generalized penalty functlon)g M%s}@ ZI29| QAFA Q|
Z—IEE |_—_—| A+ A|7|-2|-o|- s OIAL_l |-
> Generalized penalty for circular coordinate representation (Luo,
Patania, Kim, Vejdemo-Johansson, 2021)
Year 1990 GCC (mod 1) with penalty=1*L"1+0*L"2 Year 2006 GCC (mod 1) with penalty=1*L"1+0*L"2
DBI=1.124 CHI=137.308 TAU=0.502 DBI=1.544 CHI=2286.833 TAU=0.696

- e party
vt eerreatiacs v o1 * ¢ soer wnp Lot dogm e o Q

GCcC
GCi

)
NS . R

260 260
voter voter
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7120 = M 23 (generative model)2| B7t He|
(evaluation metric)= &5 (noise)O]| #2FrLC}.
» TopP&R: Robust Support Estimation Approach for Evaluating
Fidelity and Diversity in Generative Models (Kim, Jang, Kim, Yoo,
2024)
> M D3 (generative model)S H7H evaulate)d [ff, A4 i}’g(real
|mage)°| =X (distribution) 2| Z|X| & gH(support)2t 713t Sfak(fake
image)2| 22| 2| ES H2l(metric)E AHEsSH0] H| W HL|Ct.
> J|Zo| H7t 72|(evaluation metric)= A& +XE(data distribution)
O Z|X| S 2t 2ERLICE: &S (noise)Ol| FerL{Ct.

(1) Ideal estimation of distribution (2) Non-ideal estimation of distribution

Artifacts Mislabeled cases

P(X) P(X)
B
O O
o o° ﬁ.n
o Q)

: real image features ® :real noisy features
o: fake image features . : fake noisy features
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TopP&RE SIAE0| D EAZ 22 So|0[3t £
(feature) =0t Z2tHO 2 M ZHAE (robust) | A4
254 (generative model)= E7}(evaluate) &L C}.

» TopP&R: Robust Support Estimation Approach for Evaluating
Fidelity and Diversity in Generative Models (Kim, Jang, Kim, Yoo,

2024)
Real X
images Feature (a) Probability support estimation | | (b) Confidence band | (c)TopP and TopR
Generated ui —»{epeddey via KDE and bootstrap estimation > evaluation
images v
P(X) supp(P)
TopP — precision
now
O TopR s recall
D & See our proposition 4.1
& and theorem 4.2
. £
om supp(Q)
1 1(Pn (%) > cx, @n(Y) > cy)
_— TopP: 2 T T o
PR » o opPx () T, 1@ > )
s e _ 21 1@n(Xi) > oy, Pn(Xi) > cx)

ToPRy () = =g Ttk > )
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(@) o ; = cCo T —_ O
E4% U 9NHoR Q005 EMSS Tats 2
(threshold)2 ZHOFEHL|CY
» TopP&R: Robust Support Estimation Approach for Evaluating
Fidelity and Diversity in Generative Models (Kim, Jang, Kim, Yoo,
2024)
/\/\ / \ E Significant Noise from
2 features surface b=d
b0
|Bl th < ¢, | / byl

O :significant features () : noisy features

1 A

: support of estimated distribution h dy d; Ca death
Noisy
features
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>
pQt

» TopP&R: Robust Support Estimation Approach for Evaluating
Fidelity and Diversity in Generative Models (Kim, Jang, Kim, Yoo,

2024)

Fake distribution Real distribution

Outlier
1
——
2 3
Fidelity Diversity

1.0] 1.0] ®- :

0.7, 0.7

0.5 0.5

~&= TopP
0.2 = ®= Imp. precision 0.2 =@+ Imp. recall
0.0 =e= Density 0.0 ) =eo~ Coverage
-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0

" Center of fake distribution u " Center of fake distribution u
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rr

QA At=2 EAM(Topological Data Analysis)E of| &
m2IMs0| YELICH

=
rlo

> QA AR BME ofjF= T2 0SS Of|A|: Dionysus, DIPHA,
GUDAHI, javaPlex, Perseus, PHAT, Ripser, TDA, TDAstats
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R I§7| 2] TDAL 9J4} 2}R BMS sZE C++
240|=212] 9] R QIE{TH 0| A (interface) 2 A2 EHLICH

v

HALO|E:
https://cran.r-project.org/web/packages/TDA/index . .html

Z{A}: Brittany Terese Fasy, Jisu Kim, Fabrizio Lecci, Clément Maria,
David Milman, and Vincent Rouvreau.

RE 4 Attt X232 2t Z2 02y A YLt

R 7HEEA|ZHO] 210, C/CH++& AEHAIZHO| BH& LT

R package TDA £ 9I4f 212 £42 S C++ 2j0[=2f2/ol
GUDHI/Dionysus/PHAT2| R QIE{|O| A (interface)S Al & gLICt.

52 /57
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st 7[AstE

QA 2t2 £ (Topological Data Analysis) 274

Persistent Homology

o
X
o

LA A= 24 (Topological Data Analysis)2 Atz 241 2l =1l
Persistence LandscapeE O| &350 £4(Feature) Bt=7|

Euler Characteristic CurveZ 0| 2510 E4 TS 7|

Circular CoordinatesES O|25t0 £44(Feature) 2t=7|

QA A= 24 (Topological Data Analysis)2 0|23+ 7t

R T47| 2 TDA: 9|4 242 £AS 2[5t £4| AN £7

o
il
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S =2 2|(Homology)2}t Persistent Homology

Persistent HomologyS SA44 o2 245}7|

QA A= 2 (Topological Data Analysis)2 7| AlSH&0| &
Persistence LandscapeZE O| &350 £4J(Feature) 2t=7 |
Circular CoordinatesE 0| &350 £44(Feature) 2t=7|

R I{7|Z| TDA: 2|4 At= 24 % Flot Sl Atk =

CHA|(manifold)O A2 B2 2&, 72| &4, 2E &

Persistent Homology2} Persistence Landscape

Persistence Homology2} Persistence Landscape2| S44 =4
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eI (graph)= & A| & (vertex) 2t B (edge) 2 O|F 02!
O £F + 2 LY.
> 017l 2|37t X EEAF x ¢ X of thaf, J2 H (gr

raph)
G = (X,E)= TR ™ (vertex) g X2t H(edge)2| 1T EZ
0201 HUSBIA E  {{x,y}|xy € X,x 7 y} B BEELCL

Graph
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eI (graph)= & A| & (vertex) 2t B (edge) 2 O|F 02!
O £F + 2 LY.
> 017l 2|37t X EEAF x ¢ X of thaf, J2 H (gr

raph)
G = (X,E)= TR ™ (vertex) g X2t H(edge)2| 1T EZ
0201 HUSBIA E  {{x,y}|xy € X,x 7 y} B BEELCL

Graph

2/76



CHA| 22 4| (Simplicial complex)= 2}

JefmelL|ct

> FOI HelsZh X FE28E ¥ c X
|

=
(Simplicial complex) K& 2| R5taEE2| AE0|HM CHSS
QF=LCh:

aeK, BCa= BeK.
Of @, 2t Tl o] 2L dima = |a| — 12 ZFO|tLC}.

Simplicial complex

o
|0
HU
e
T
I
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Vietoris-Rips =2} 4|(Vietoris-Rips complex)&= M= 717t2
LA HESE 20t =2 A YL
> 01 A E|-'-7 Xo| E23& X c X 2 r > 00| CH3H,
Vietoris-Rips S8 4]|(Vietoris-Rips complex) Rips(X, r)= CtS2t
Z0| dolgu Lt

Rips(X,r) = {{x1,...,x} C X : d(x;,x;) <2r, forall 1 <ij<k}.

Vietoris—Rips complex
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Vietoris-Rips =2} 4|(Vietoris-Rips complex)&= M= 717t2
2AYSS 20} 2 2EHU}
> 02 AH2[37E X EE28E X ¢ X 2F r > 00] Chaf,
Vietoris-Rips S & 4| (Vietoris-Rips complex) Rips(X, r)= S22t
Z0[ Zo|FL

Rips(X,r) = {{x1,...,x} C X : d(x;,x;) <2r, forall 1 <ij<k}.

Vietoris—Rips complex

4/76



Vietoris-Rips =2} 4|(Vietoris-Rips complex)&= M= 717t2
2AYSS 20} 2 2EHU}
> 02 AH2[37E X EE28E X ¢ X 2F r > 00] Chaf,
Vietoris-Rips S & 4| (Vietoris-Rips complex) Rips(X, r)= S22t
Z0[ Zo|FL

Rips(X,r) = {{x1,...,x} C X : d(x;,x;) <2r, forall 1 <ij<k}.

Vietoris—Rips complex

4/76



)

U Ho

p

C:Za,-a,-, o;i € K, a; EZ/2Z

{0,1}.

i

40=1+1=00+1=1+0=1,
0=0,1-1=1.

-0
1

')Gi7

/
1

Z(a,- +a

i

c+c
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A2 At (boundary map)2 THA| 2&HA|Q| k-HAH
(k-chain) 22| AtAIL|CE.
> ZAH AHaH(boundary map) 9,2 2t k-2H2 THY| 02 19| k-12} B

At
(face)=2| gte= EHHLICE

k
oc={vo,..., vk} —> 0o = Z{vo, oo v \{vit
i=0

Simplex Sum of Faces

6/76



9] k-

BA At (boundary map)2 ChHA| 2842
(k-chain) Z2+Q| AtarQIL|CY.
> ZF2 At (boundary map) 0,2 2} k-2 Tl 05 19| k-124Y H
(face)Z9| gtoz HHHL|CH
k
o={vo,. .., vi} ko => {w,..., v} \{vi}.
i=0
Ce(K) = G 1(K)2 ZAAARH SHaHHLICH
Ce_1(K)

> ZA AHEE Ok
Ck(K) —
— 8kC = Za;aka,

7/76



S =2ZX|(homology)= cycleg boundaryZ AtE Z&7t
(quotient space) @ L|C}.

> KO| k-cycle Zy(K)= ZA| AFALO] OJ8} 022 7H= k-GIafo
stk

Zk(K) = ker 9y = {C € Cx:0kc= 0}.

> K2 k-boundary Bix(K)= B AHOl 2|5H k + 1-H2AH2| 2f(image)
QlL|C}:
=

Bk(K) = im@k_,_l = {C € Cy: 3’ € Ck+1,8k+1c’ = C}.

> )0 ry1 = 001| 2|3, k-boundary By (K) k-cycle Zi(K)2
MALZEZ7t(linear subspace) Y L|C}:

Bk(K) C Zk(K) C Ck(K)

> k-th S=2 2| H(K)= k-cycle Z,(K)E k-boundary Bi(K)Z A2
Z&7t(quotient space)L|C}:

Hi(K) = Zik(K)/Bk(K).

8/76



rlru

S =2ZX|(homology)= cycle2 boundaryZ A}
(quotient space) @ L|C}.

> KO| k-th SZZ22A| Hi(K)E k-cycle Z(K)E k-boundary Bx(K)Z2
22 Z-&7H(quotient space) @ L|C}:

Hk(K) = Zk(K)/Bk(K)

> KQ| k-th Betti number 3¢(K)e= ™S H (K)Q| I /LT
Br(K) = rank(Hy(K)).
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S =2ZX|(homology)= cycleg boundaryZ AtE Z&7t
(quotient space) @ L|C}.

> Z1(K) = ker &y = (Z/2Z)2 =< ZANENN
| <
> Bl(K):lmaz :Z/2Z =< >

- Hh(K) = Zu(K)/Bx(K) — 220 —< © " . py(K) -

10/76



filtration Z7}5H= T3 2EHSO| 2

-

|-

W, filtration F = {K, }.cr= CHS2
Sha||(subcomplex) K,&2| ZQIL|C}:

a<b= K, CK,.

x
o

P
5_
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Persistent Homology+ filtrationOl|M S =2 X|7F {E A|
Ho}Sh=A] =4 gL T
> CHA| 284 K 219 filtration F = {K, C K : a € R}7} S T,
k-th persistent homology PH,F&= S22 X|& {Hk(K,) : a € R}2t
MYALE {13 a < b}ol SYOIC, O T YA ;=
EC’M?#I K. C Kh2FE SEEUCH

> Persistence betti number &= z’b ;= rank(ime}’ ®) At
H,(K,) =227 H,(Ko) = (Z/22)°
PANENEYAN

Hi(Ks) =2/22

N . A&

12 /76



Persistent Homology+ filtrationOl|M S =2 X|7F {E A|
Hotsh=A] AL T

> CHj| 23| K 2(9 filtration F = {K, C K : a € R}7 S o,
k-th persistent homology PH,F= S22X|& {Hk(K,) : a € R}t
MBAAS {127 a < b}O| BUQIG, O] [ MBAPAL 20
EHA K, € Kh2FE REgUC

» 2+ homology class y&= K,O0lA 47|10 K,0|M ~ = 00| ElL|C}. 0]
f, aE ~v2| birth timeO|2} 5}, bZ 2| death timeO|2}2 THL|C}.

)=z/2z H,(Ky) = (2/22)2
A N
Hi(Ke) =222 Hi(Ke) =

N . A

13/76



Persistence Diagram = Persistent Homology € HH 2(2]
H==2 LIEHELICE

> THOJAl filtration F = {K, C K : a € R}2| BECH| K,S0| S5t
HFRICHD 7HE L O

Koy C - C K.

> 2} filtration 2fS2| & (a;, a;)0ll CHSH, K, 0lM 710 K, 0ll A
22| = homology class 2| 7§4& 4L |C}:

aj,aj _( aj,aj—1 a,-,aj) ( dj—1,4j—1 a;_l,aj)
k - k k k k .

> (RU{o0})? 2l & (a1, a;) & multiplicity ;"2 2O &
persistence diagram O| E!L|C}.
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Persistence Diagram & Persistent Homology & HH £
HEZ LIEPHL|C}

> 2t filtration 2YS2| 4 (a;, a;)0ll CHEH, Ko, Ol A A47|D K,, Ol A
02| = homology class 9| J|2E MiL|C}:

Iu,a(iyaj — ( zhaj—l _ zi,aj) _( iiihajil _ ﬂz';l’aj).

> (RU{oo})? 2ol & (a;, a;)  multiplicity p, Y2 2OH
persistence diagram O] E/L|C}.

9

y=2/27 )=(z/22)?
A & W [i=1]i=2]i=3]i=4
j=4 0 0 0 0
j=3 1 1 1
j=2 1 2
Hi(Ka)=2/2Z Hi(Kq) = =1 1

N . &
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Persistence Diagram & Persistent Homology & HH £|2|
HEZ LIEPHL|C}
> 2! filtration ZrS2| & (a;, a;)0ll CHaH, K, OllA 87|10 K, Ol A
S0 Z|= homology class 2| 745 MII_|E}
Mii’aj = (ﬁ;“aFl _ Bii’aj) _ (ﬁii—hajfl _ Bii—l;aj)-

> (RU{oc})? 20l & (a,a;) E multiplicity u; 72 2™
persistence diagram O| &lL|C}.

Hi(K)=2/22 )=(z/22) S a
A & £ ] .
g
a
(S
H:(Ks)=Z/22 |

1.0

Hi(Ke) =
[ T T T T T 1
10 15 20 25 3.0 35 40
pa AQ

16 /76



840 2| eSO 2 EE filtrationg HE £ & LICH
> A S8 ket T 20N FolEl g4 f 1 K — R7F AS W, F2
sub-level filtration sub(f)E 32t 7FO| Ao|EkL|C}:

sub(f) :=={{c € K: f(0) < L}} g -

Simplicial complex Function values
1 0 1
0 2 0
1 0 1
{r=o} fr=1} fr<2}
.
C -

17 /76



> CHf| Sefal ket 1 oM FolE a4 f: K — R7} US W, 2
Of2H2{|& (sub-level) filtration sub(f)S Ct21} ZH0| Aol&tL|C}

super(f) :={{oc € K: f(0) > L}},cg -

18 /76



v
m
T
JT
]

|l KeF 2 oM Eeld &4 f: K — R7F /S W, f2
Of2H2{|& (sub-level) filtration sub(f)E Ct21h Zt0| Zo|gHL|C}:

sub(f) :={{oc € K: f(0) < L}} i -

> 122 E{ AHAHSH persistent homology = persistence diagram=
Dgm(f)2 &L|C}

o
o . A
{r<0} LE)) (<2} @
. s o
3 S e
a
[Te}
S
<
S T T T T 1
00 05 10 15 20
C C

Birth
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I

|3 FEO| SIAH HEE 2E6t Cof HUT2H
(kernel density estimator)= AFEgrL|C}.

> SHA G =X (kernel density estimator)2 CtS2f Z& L C

A 1 : X—X,'
Ph(X):nhdZK< h )
i=1
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Persistent homology—= &ef=2| ZA0M S =ZX|E
ALt @S2 | 7F AA| LIEFLED At2ER =4
7| =Lt

level = 0.2

-

-

05 10 15

L T T 1T
15 05 05 10 15

EEL
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Persistent homology—= &ef=2| ZA0M S =ZX|E
AL, SZ 2 A|7F A LIEFLELL Af2ER[ =3
T

level =0.15
level =0.15
w
- o
= =
A (=]
o A o
“ o ‘ \
4 =
- 4
7] 0
4 - 2 7
o | . -
[ B e B B R 2
A5 05 05 10 15 LA S B S
45 05 05 1.0 15
o
1=0.15 : 1AtZ
e SEELE

3ol 42
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Persistent homology—= &ef=2| ZA0M S =ZX|E
ALt @S2 | 7F AA| LIEFLED At2ER =4
7| =Lt

level = 0.15 level =0 level =0
e £ 3
- -
K _[ T T T T T T o "
-15 -05 05 10 15 -15 0.5 05 10 15 A5 05 05 10 15
o o
L=0.15 : 1K} L=0: 1Kt& ol 3y Al S
A = HdHe
FYol 4z | FYO| gofH
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Persistent homology—= &ef=2| ZA0M S =ZX|E
ALt @S2 | 7F AA| LIEFLED At2ER =4
7| =Lt

level = 0.15 level =0

~

-

05 10 15
|
05 10 15

05

15

T I 1 T T T T
-15 05 05 10 15

L=0.15 : 1K} 2
JHO| AEZ
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Fotot A= 9| Persistent homologyZ2F-E 7|2 7t 9|

2 =Z2St A OIAL_||_‘_|-

Persistent homologyS =8¢

Birth
0.00 0.10 0.20 0.30

Circle

T T T T 1 1
0.00 0.10 0.20 0.30
Death

e

Birth
0.00 0.10 0.20 0.30

100 samples

T T T T T 1
0.00 0.10 0.20 0.30
Death
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Fotot A= 9| Persistent homologyZ2F-E 7|2 7t 9|

2 =Z2St A OIAL_||_‘_|-

Persistent homologyS =8¢

Birth
0.00 0.10 0.20 0.30

Circle

T T T T T 1
0.00 0.10 0.20 0.30
Death

e

Birth
0.00 0.10 0.20 0.30

150 samples

T T T T T 1
0.00 0.10 0.20 0.30
Death
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Fotot A= 9| Persistent homologyZ2F-E 7|2 7t 9|

2 =Z2St A OIAL_||_‘_|-

Persistent homologyS =8¢

Birth
0.00 0.10 0.20 0.30

Circle

T T T T T 1
0.00 0.10 0.20 0.30
Death

e

Birth
0.00 0.10 0.20 0.30

200 samples

T T T T T 1
0.00 0.10 0.20 0.30
Death
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Fotot A= 9| Persistent homologyZ2F-E 7|2 7t 9|

2 =Z2St A OIAL_||_‘_|-

Persistent homologyS =8¢

Birth
0.00 0.10 0.20 0.30

Circle

T T T T T 1
0.00 0.10 0.20 0.30
Death

e

Birth
0.00 0.10 0.20 0.30

500 samples

T T T T T 1
0.00 0.10 0.20 0.30
Death
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Birth
0.00 0.10 0.20 0.30

Circle

T T T T 1 1
0.00 0.10 0.20 0.30
Death

Birth
0.00 0.10 0.20 0.30

T T T T T 1
0.00 0.10 0.20 0.30
Death
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S22 A|(Homology)2t Persistent Homology

Persistent Homology& S4|&d o= 2A517|

QA A= 2 (Topological Data Analysis)2 7| AlSH&0| &
Persistence LandscapeZE O| &350 £4J(Feature) 2t=7 |
Circular CoordinatesE 0| &350 £44(Feature) 2t=7|

R I{7|Z| TDA: 2|4 At= 24 % Flot Sl Atk =

CHA|(manifold)O A2 B2 2&, 72| &4, 2E &

Persistent Homology2} Persistence Landscape

Persistence Homology2} Persistence Landscape2| S44 =4
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Bottleneck distance= Persistent homology &57H0f| 2]

|:|_I_E =)

Definition

Dy, D& & Persistent homology2t! 5t3H, Bottleneck distances=
Cta2t &0| Zel&EL o

Woo (D1, D2) = inf sup [[x — v(x)|[ o
Y xeD,

ol M, y= DiMIM D2 7t 2E LHLUSO| E 4+ USH T

Circle 100 samples

o o

® @ e °

o o

o o

N —e N

< o < o

- -

o o

o o

o o

(=) =) — T T T T T 1

0.00 0.10 0.20 0.30 0.00 0.10 0.20 0.30

Death Death
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Bottleneck distance= Persistent homology &57H0f| 2]

|:|_I_E =)

Definition

Dy, D& & Persistent homology2t! 5t3H, Bottleneck distances=
Cta2t &0| Zel&EL o

Woo (D1, D2) = inf sup [[x — v(x)|[ o
Y xeD,

ol M, y= DiMIM D2 7t 2E LHLUSO| E 4+ USH T

Birth
0.00 0.10 0.20 0.30

sup [|x—71(x)]loc = 0.1

x€Dy

0.00 0.10 0.20 0.30
Death 32/76



Bottleneck distance= Persistent homology &57H0f| 2]

|:|_I_E =)

Definition

Dy, D& & Persistent homology2t! 5t3H, Bottleneck distances=
Cta2t &0| Zel&EL o

Woo (D1, D2) = inf sup [[x — v(x)|[ o
Y xeD,

ol M, y= DiMIM D2 7t 2E LHLUSO| E 4+ USH T

Birth
0.00 0.10 0.20 0.30

sup || x—=72(x)]|0 = 0.15

x€Dq

0.00 0.10 0.20 0.30
Death 33/76



Bottleneck distance= Persistent homology &7

|:|_I_E =)

Definition

Dy, D& & Persistent homology2t! 5t3H, Bottleneck distances=

CHaat 20| golgLth

Woo (D1, D2) = inf sup [[x — v(x)|[ o
Y xeD,

ol M, y= DiMIM D2 7t 2E LHLUSO| E 4+ USH T

Birth
0.00 0.10 0.20 0.30

Y x€Dy

0.00 0.10 0.20 0.30
Death

ZHO|

Hel

inf sup ||x — v(x)]|cc = 0.1
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F

lo]]
\J
|0

0
+
:

Bottleneck distance= 110f AFE5t=

—

28g + AU g Fe

to| Ha|2

Theorem
[Edelsbrunner and Harer, 2010][Chazal, de Silva, Glisse, and Oudot,
2012] K& Etxl| 28t4|(simplicial complex)2f 511 f, g : K — RE &

str2f efLCt. Dgm(f)2f Dgm(g)& Z10f 4&5f= persistent homology
23 3 0, CS0] HEIEHICE

Woo(Dgm(f), Dgm(g)) < [|f — &llco-
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Persistent homology2| A12| /& (Confidence Set)
Persistent homologyS =2 SH& & X glot=
HE LT
7124 M1t 22 XQ| Persistent homologyE 2t2f Dgm(M)2t Dgm(X)
20 £BLICE ROSE o< (0,17 TORB W, (1 - a) N2l

(Confidence Set) {D € Dgm : Woo(ng(X)? D)< c}2tEs
D= she A eIk

P(Dgm(M) € {D € Dgm: W (Dgm(X), D) <cp})>1-a.

Circle 500 samples
o o
o ™
o <}
o o
N A N
< o £ o
5o 5o
- -
=} =}
o o
o o
o T T 1T 1T 11 o
0.00 0.10 0.20 0.30 0.00 0.10 0.20 0.30
Death Death
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Persistent Homology2| Al 2||(Confidence Band)&
0|85 EAMLZ Folot === §40 O X

ore S =22 EMS FETHLC
7I21 M2t

2t &L f2l4&F a € (0,
(Confidence Band) ¢, = cn(X)'_ =)

Birth
0.00 0.10 0.20 0.30

1)7h &

A2 XOI Per5|stent homologyE 22t

%
oLz

— "

P (Woo (Dgm(M), Dgm(X)) <

Circle

[ I I I I I ]
0.00 0.10 0.20 0.30

Birth
0.00 0.10 0.20 0.30

Dgm(M)a+ Dgm(X)
X2 O, (1—a) A2
Z5te s

[ I I I I I ]
0.00 0.10 0.20 0.30
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Persistent homology2| A12||= 10| A23t= &49|
LR[ME AlLE o+ AU

njo

At He|28H, P(||fu — fx|| < c) 21— o 23S R
P(WOO(ng(fM)a ng(fX)) < Cn) > IP)(Hf/\/l - fXHoo < Cn) >1-a

etM iy 2l 22| E persistent homology Dgm(fy)2l A12|C|2 0|8
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Persistent homology2| 412|0|= RAEMOZ AlLrgt 4~
AL

UELIC.
RAEM A N2|ZE persistent homology0Ol| 428 4~ QICH= Z10|

SHEAS LT
> Fasy et al. [2014b] O] SHYU =22 (kernel density estimator)Of| A

B30
» Chazal et al. [2014] O] distance to measure®@} kernel distanceOi|Af
AL
EaELc
Circle 500 samples
o o
& 3
o o
o o
] ]
< o £ o
3] o [} o
- -
3 3
o o
o o
S frrTTTm1 S
000 010 020 0.30 000 010 020 0.30
Death Death
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Persistent homology2| Al2|T|= RAEMOZ HASH 4~
AgLct

1L FOR A2 X = {xq,...,x, Ol A SHLE=ZH(kernel density
estimator) pp = 7=||M3|'L_| ct.

2. X = {xt, .. ) BEE X = (..., x'}2 BY2251D, X9
ALY p; S AU F, 6% = Vnhd| |57 (x) — pa(x)|S
H|AFStL|CL.

3. MOAIZ BY BHESO] 0;,...,052 AELICL

4 BRA% 20 =infiq: 37, 1(6; > q) < a}a AL

5. E[prlo] (1 - ) MITIE (g — o, py+ 2|0l GLICH

40/76



QA A2 2 (Topological Data Analysis)2 7| A&H&50| S
Persistence LandscapeE 0| 2510 £E44(Feature) Bt=7|
Circular CoordinatesE O|2510{ £4(Feature) 2t=7|

41/76



QA A2 2 (Topological Data Analysis)2 7| A&H&50| S
Persistence LandscapeE 0| 2510 £E44(Feature) Bt=7|

42/76



Fot 2= Q| Persistence La

O| Persistence Landscape

Circle
n
L (-
o
o
z _
2 3.
< o
IS
Q
8 _
[Te]
Q
o 1 1 1 1
0.00 0.10 0.20
(Birth+Death)/2

ndscape L 2L E] 7|4

o =25}

= =8¢ + UL

500 samples

o
=)
= Lo
m o
e o
@
[
a

Lo

Q

P T T T ]

0.00 0.10

(Birth+Death)/2

0.20
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Persistent homology2| AI2|| 2 Persistence Landscape?|
ABHZ HASY 4+ ALk

Circle 500 samples

0.15
|

(Death-Birth)/2
0.05
|
(Death-Birth)/2
0.05

-0.05

[ I I I 1
0.00 0.10 0.20 0.00 0.10 0.20

-0.05

(Birth+Death)/2 (Birth+Death)/2
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oo-landscape 7{2|= persistence landscape &7H0f| H2|E

=

L C}
Definition
[Bubenik, 2015] D;, D,2 H=2| multisetO|2} ot12, 110f| siHst=
persistence landscapeE \; , M2t =&LICt oo-landscape H2|=

|. J_I_l. 7I-o| 2-|O|o|-|__||:_|-_

Noo (D1, D2) = [[Ad1 — Ao[oo-

(Death-Birth)/2
0.05

-0.05

I T T T T 1
0.00 0.10 0.20

(Birth+Death)/2 45 /76



oo-landscape AH2|= 10| CHEE|= &4 72t Hel2
2He 4 JUSLICE 2HE M H2|(stability theorem).

f.g : X - RE F g~2 £, 10| oi55}= persistence landscapeE

Noo(A(£), M) < IIf — &lloo-
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persistence landscapel| A2|[|= EAEZHO Z At
O| A |__| |___|-
> 7| M2} HE X9 persistence landscapeS 2tZ A\t Ax =2

=5 LICH o-dd H2|(stability theorem)2 25 1,
P(||fu — x|l < ) > 1 - o= 32 FEELCH

P (Ax(t) — o < Am(t) < Ax(t) + a¥t) = P(||fur — || < ) > 1—a,

C2tM 25| = 8491 fy2] A2|[|E persistence landscape Ay 2]
AT 2 AR 4~ JAFLC

3

_I_

L

Circle 200 samples
wn
-
o
o o
£ £
= = o
o 8 m o
,-t'5 S ;'_ )= /\
5] IS
Q j9
e e
wn
w =]
o q
e T T T 1 T T T T 1
0.00 0.10 0.20 0.00 0.10 0.20
(Birth+Death)/2 (Birth+Death)/2
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persistence landscapel| A 2|0l= RAEMOZ AlLret 4~
SueLict

> persistence landscape®| A Z||= multiplier bootstrapQ 2 & AH|AtSt
2= UELICE [Chazal, Fasy, Lecci, Michel, Rinaldo, and Wasserman,
2014].
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PLLay= 0|2 7}5(differentiable)gL|C}.

> AZ5t5(deep learning) 2Y2 Of7HRH 4~(parameter)E Ao} (back
tion)2 2 HYR=0|, Ol= ZA}2(gradient descent)S &
(layer)OICt H-85H= Z4QL|C}

2
> AZ2EHS 20| 8H 7t55t2{H, 20| 0|8 JHs(differentiable)3HOF

Theorem (Theorem 3.1 in Kim et al. [2020])
PLLay 8t Sy..= 22 XOf CHafl OJ2 7}5(differentiable) &fL|CF.
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PLLay= Q& A (stable) R L|C}.

» PLLay= persistence diagram 2| B1S}H0|| TS QF4 A (stable)L|Ct:

Theorem (Theorem 4.1 in Kim et al. [2020])
L= persistence diagrams D, D' Off CH5f],

|59,W(D) - SG,w(D/N = O( WOO('D,D/)),

Of7|A W& bottleneck distance@/L|CF.
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PLLay= Q& A (stable) R L|C}.

> PlLLay= & X9 H3}0|| CHsH Qt& 2 (stable) L Ct:

Theorem (Theorem 4.2 in Kim et al. [2020])
X ~ P01 P,& B& % £H(empirical distribution) 22 E&L|C}.
Dp,DxE 22t P, X 9| persistence diagramL £ =& L|Cl. 12{H

50,0 (Dx) — So,u(Dp)| = O(Wa(P, P)),

017 A Wy 2-Wasserstein distance2L|LCf.
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or

f 2t &4 (Topological Data Analysis)2 7| AIst&0|

0[0

o | Q
™ S

Circular CoordinatesE O|2510{ £4(Feature) 2t=7|
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Circular Coordinates = A}29| At LR E HIHGH= 1<
=4 gL ct

> circuiar coordinate = A= X O|A & St 22 Jt= 4L Ct

circular coordinates loop
<
3
3
° o, °* o, o * o,
4 (4 o %
©
[ © .
° . ! L
. p ) ® “
@ o
L] L]
L)
®ee o ® e e0®

0.2

0.0
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Circular Coordinates = A}29| At LR E HIHGH= 1<
=4 gL ct

> circuiar coordinate = A= X O|A & St 22 Jt= 4L Ct

circular coordinates loop
o
@
3
° o, R ° o, °* o, o * o,
4 o % (4 4 %
©
[ © .
° ! O ! ¢
. ° < . ° .
e ° & o
% ®e % °
®e o ®e o o o0

0.2

0.0
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Circular Coordinates = Z}=22| {|AF LR = HIYS}
24 gL

rr
N
1o

> circuiar coordinate & AtZ X O A Y&HH Tk = (SH)k O 2 Jt=
ot Cf.

circular coordinates loop
[ ]
[ ]
[
[ ® o o og
8 o o* LY
] °
. . =
o °
H DA
° ..0 ° b ° »°
e
[ )
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Circular coordinates = A|AFSt M LBISH=l A
(generalized penalty function)& Af%%f At=29|
HE2 o 2 A|ZH58t 4 9lAL|C}

43}

>

>

circular coordinates & At M, 2|A3} 24| (optimization

problem)& &LIC}.
L AA|(|oss)o L, &A1 2 HFEOS ZM circuiar coordinate 4

=457 B & o+ ASLICE A=l /YA YEEH &

AI%@E“—I Ct.

Circular coordinates/constant edges,
1st cocycle (mod 23 - 0*L1 + 1*L2)

Circular coordinates/constant edges,
1st cocycle (mod 23 - 1*L1 + 0*L2)

1.0
4 4
. 08 Y
.’:', ¢
2 . 2
%k LY
. 0.6 =\ .
. . AN .
0 A\ 0 % e
3 28 3
. an 04 !
- - LY 2 \ 7
% Lakd L —_— a8 e .I
e | e A
. .
- .,-.; ., z. /
4 . 4 .
0.0
“a 2 0 2 4 ) 0 2

1.0

0.0

a4
ALZ O]
O T
fo| o
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R I§7|X| TDA: 2| Atz &4 % Flot SAl Atk =
CHYA|(manifold)O| A2 2 2Z, AH2| &, L S
Persistent Homology2} Persistence Landscape
Persistence Homology2} Persistence Landscape2| S4|4 &4
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R I{7| 2| TDA: {4} A}
CHFA| (manifold)Of| A
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RI}7|7 TDAE & SIojM B2 228 4 U H4E
AHl-&ekL|Ct.
&4 circleUnif()= R? 4 Of Ql= BEX|20] rQl &
Hel A= E e

circleSample <- circleUnif(n = 20, r = 1)

plot(circleSample, xlab = "", ylab = "", pch = 20)
o
a7 . °
0 _|e *
o
e ]
o
_ U
LY [ ]

1.0

1 I I I
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R TH7| 2] TDAE 232} 9I0IM2| Ha| B4et UE 342
A Zetict

288 n=400712| =27t HFE/ULD, HAHSO0| AL

X <- circleUnif(n = 400, r = 1)

lim <- c(-1.7, 1.7)

by <- 0.05

margin <- seq(from = 1lim[1], to = 1im[2], by = by)
Grid <- expand.grid(margin, margin)
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R I}7| 2] TDAS 22} 2(0JM Q| B2 &2 (KDE)S
A ZEHL|CH

7124 HUZZ=H (Kernel Density Estimator, KDE) py, : RY — [0, 00)&=
Ct22t 20| Zo|gLc):

. 1 - —lly —Xi|§>
=—— ) exp| =2,
) = ; p ( T

07| h= BEOH21H 4~ (smoothing parameter) 24 L|C}.
SH4: kde()= 22} 9/0] HO|A B{UT2H(KDE) 2 AAFBILICH

h <- 0.3
KDE <- kde(X = X, Grid = Grid, h = h)

par (mfrow = c(1,2))
plot(X, xlab = "", ylab = "", main = "Sample X", pch = 20)
persp(x = margin, y = margin,
z = matrix(KDE, nrow = length(margin), ncol = length(margin)),
xlab = "", ylab = "", zlab = "", theta = -20, phi = 35, scale = FALSE,
expand = 3, col = "red", border = NA, ltheta = 50, shade = 0.5,
main = "KDE")
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R I§7|2] TDAS Z2t 2|0M Q| HUE 2 (KDE)S
M5 L ct.
7tRA SHUE = (Kernel Density Estimator, KDE) pp : RY — [0, 00)=

=
Ct3ah 20| Zo|gUCh:

. 1 . —lly - Xi|§)
= ex Ao 9
M) = s 2o (5
07| M he Yo7 4 (smoothing parameter) 4 L|Ct.

St kde()= ZA 2| HOM HUE2H(KDE) pE AHlLHLICE.

Sample X KDE

0 0.0 05 1.0
| | | | |
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R T{7| 2] TDA: 914 2R 242 ¢

rol

FSA ALt =

Persistent Homology2} Persistence Landscape
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R I{7| 2] TDAE AZA} 20| A2Q| Persistent HomologyS
Al LFFL T

243H4-0| OF2H2H (sublevel) U 2
| persistence diagrame= 2| 4AHgL|CL.
}$|01|A-| AlAZE Ol2ABIAZ A AFSHL|CY.
[igasel 7*°§ '1|'21|(S|mp|ex) 9| filtration2

> Sk grlleag(
(superlevel)
> gridDiag(
> gridDiag(
ot L|C}.
> gridDiag()& filtration2| persistent homologyS 7| AH8L|C}.
> AF2RL= persistent homologyg HAtst= E‘||01| C++ 2t0|E2{e|
GUDHI, Dionysus, =E= PHATS MEHE 4~ QIS L|CT

2o '
N |0 19

rirrir |IOII
1%
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R I§7| 2] TDAE ZZ} 20| M| Persistent HomologyS
ALk ct

DiagGrid <- gridDiag(X = X, FUN = kde, lim = c(lim, lim), by = by,
sublevel = FALSE, library = "Dionysus", location = TRUE,
printProgress = FALSE, h = h)

par (mfrow = c(1,3))
plot(X, xlab = "", ylab = "", main = "Sample X", pch = 20)
one <- which(DiagGrid[["diagram"]][, 1] == 1)
for (i in seq(along = one)) {
for (j in seq_len(dim(DiagGrid[["cycleLocation"]] [[one[i]]1]1)[1]1)) {
lines(DiagGrid[["cycleLocation"]] [[one[i]]]1[j, , 1, pch = 19, cex = 1,
col =i + 1)
}
¥
persp(x = margin, y = margin,
z = matrix(KDE, nrow = length(margin), ncol = length(margin)),
xlab = "", ylab = "", zlab = "", theta = -20, phi = 35, scale = FALSE,
expand = 3, col = "red", border = NA, ltheta = 50, shade = 0.9,
main = "KDE")
plot(x = DiagGrid[["diagram"]], main = "KDE Diagram")
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R I{Z|A| TDA= &AZ} 2|0 A2 Persistent Homology &
ALkt
> ok gridDiag()= Y& e49| OfcHef|H (sublevel) 2 SIgj|&
(superlevel) 2er=9| persistence diagram= 74|M°H—|Ef
> gridDiag()= At 20N Hgt LSS ALt o
> gridDiag()= Y& &t49| 7*O§ Ef7\1|(5|mp|ex)a_°_| filtrationS
==
» gridDiag()= filtration2| persistent homologyS A|AH&FL|C}.
> ALEZ}= persistent homologyS AlAtst= H|0f| C++ 20| E2{]
GUDHI, Dionysus, == PHATS MEHS o~ QI&L|CL

Sample X KDE KDE Diagram

Birth
000 005 010 015 020 025

T T T T T e e e
-1.0 -05 0.0 0.5 1.0 000 005 010 015 020 025
Death
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R I{7|X| TDA= Vietoris-Rips Persistent Homology=
Al LFFL T
> Vietoris-Rips &8 4|(complex)= At0|2| H2|7t Z|CH 2r O|LHQI
LA EEZ 0|F0{ 2 thHA|(simplex)E2| 2YJYULCt =,

Rips(X,r) = {{x1,...,x} C X : d(x;,x;) <2r, forall 1 <ij<k}.

0.0 05 1.0

-1.0

-1.0 -05 00 05 1.0

> Vletoris-Rips filtration Vietoris-Rips S &A|0| M r& MA{3]
SIHAZ|HA 2t=0{&L|Ct 67/76



R I{7|X| TDA= Vietoris-Rips Persistent Homology=
Al LFFL T

> &k ripsDiag()= AT 2I0IA 2ES0{ 2! Vietoris-Rips filtration2]
persistence diagram= 2|4FghL|CY.
> ripsDiag()= AL=Z2FE] Vietoris-Rips filtration2 25L|CH
» ripsDiag() Vietoris-Rips filtration @ 22 E{ persistent homologyS
A LkRfLct
> AIEA}= persistent homologyE A| 4t 3fE glofl C++ 2to|E2{|
GUDHI, Dionysus, £= PHATS MEHSH 4~ QI&L|CY,

DiagRips <- ripsDiag(X = X, maxdimension = 1, maxscale = 0.5,
library = c("GUDHI", "Dionysus"), location = TRUE)

par (mfrow = c(1,2))
plot(X, xlab = "", ylab = "", main = "Sample X", pch = 20)
plot(x = DiagRips[["diagram"]], main = "Rips Diagram")
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R I{7|X| TDA= Vietoris-Rips Persistent Homology=
Al T
> &k ripsDiag()= AT 20X 2ES0{ 2! Vietoris-Rips filtration2]
persistence diagram= A|AFRHL|CY.

> ripsDiag()= AL=Z2FE] Vietoris-Rips filtrationg 2HSL|CH
» ripsDiag()= Vietoris-Rips filtration @ 22 E{ persistent homologyS

Al eterL .
> AEA= persistent homologye Al et ﬁré lofl C++ 2to[=2{2]
GUDHI, Dionysus, £= PHATS MEHSH 4~ QI&L|CY
Sample X Rips Diagram

asen 00O BBmy, . a
Seoe,

0.0 05 1.0
| |
Death
0.4

0.2

(
|
\

-1.0 -0.5 0.0 0.5 1.0 0.0 0.1 0.2 0.3 0.4 0.5
Birth
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R I§7|X| TDA= Persistence LandscapeS A|AFgrL|CY.

> persistence diagram D9|
btd d—

p=(xy)= ("4 3

QDQEO| Bt A 2 AHZFSHL|

=
» DO| persistence landscapes= CH21} ZH2 459 2 QQIL|ICEH

-death 4 (b, d)252E{ A
%h 0| pE B2|H¥oZ FHEE

.—'10::

Ak(t) = kmax,Ap(t), te[0,T],keN,

07| M kmaxe= AN kHRZ 2 242 SL|CL

» &t landscape()= persistence landscape 84> A\ (t)S AlAFEFLICE.

tseq <- seq(0, 0.2, length = 1000)
Land <- landscape(DiagGrid[["diagram"]], dimension = 1, KK = 1, tseq = tseq)

par (mfrow = c(1,2))
plot(x = DiagGrid[["diagram"]], main = "KDE Diagram")
plot(tseq, Land, type = "1", xlab = "(Birth+Death)/2",
ylab = "(Death-Birth)/2", asp = 1, axes = FALSE, main = "Landscape")
axis(1); axis(2)
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R I§7|X| TDA= Persistence LandscapeS A|AFgrL|CY.

> persistence diagram D2| birth-death % (b, d)Z2FE &
p—(xy)— (B, %2)2 74512, 0] pS BA|HOZ B H=
2oro| B4 A2 MIHELIC

» DO| persistence landscape= Ct21} 242 gte=0| ZUQILC:
Ak(t) = kmax,Ap(t), te€[0,T],keN,
O7|M kmaxe= YOI kBIMZ 2 S SUCE

> St landscape()= persistence landscape &4 A\« (t)E AlLFEL|CE

KDE Diagram Landscape
oo}
o o 3
s = °
= @

= <
@ g £ 9
o g ©
e 5
o o
] >

S T T T T T 1 ° T T T 1

000 005 010 015 0.20 0.25 0.00 0.05 0.10 0.15 0.20

Death
(Birth+Death)/2
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R T{7| 2] TDA: 914 2R 242 ¢

rol

FSA ALt =

Persistence Homology2} Persistence Landscape2| S4|4 &4
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R I{7|Z| TDAE &2 RAER LZ|T|S AL T

4= bootstrapBand()= E[p]2] (1 — o) RAEY 42| (bootstrap
confidence band)E A|4AHEHLICY.
bandKDE <- bootstrapBand(X = X, FUN = kde, Grid = Grid, B = 20,

parallel = FALSE, alpha = 0.1, h = h)
print (bandKDE[["width"]])

## 90%
## 0.06332169
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R I§7|X| TDAE= persistent homologyQ| A E 24
NZ|T|Z A AL
E[pp]2 (1 — o) RAEZ A2|C|(bootstrap confidence band)7f
persistent homologyQ| SAEgH MZ|[| 2 AR ElL|CT.

par (mfrow = c(1,2))

plot(X, xlab = "", ylab = "", main = "Sample X", pch = 20)
plot(x = DiagGrid[["diagram"]], band = 2 * bandKDE[["width"]],
main = "KDE Diagram")
Sample X KDE Diagram
3 N ® ®
o
Te} N
o 7 =}
o £
8 - 59
i =}
9 g
T' T T T T T o T 1T 1T 71T 1
-1.0 0.0 05 1.0 0.00 0.10 0.20

Death
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R I{7|X| TDA= persistence landscapel| A E M
AM2|T|E ALk ct

E[pr]2 (1 — o) RAE 2| (bootstrap confidence band)7}
persistent homology2| | b'," ME|C = A E L C

par (mfrow = c(1,2))
plot(X, xlab = "", ylab = "", main = "Sample X", pch = 20)
plot(tseq, Land, type = "1", xlab = "(Birth+Death)/2",
ylab = "(Death-Birth)/2", asp = 1, axes = FALSE, main = "500 samples")

axis(1); axis(2)
polygon(c(tseq, rev(tseq)), c(Land - bandKDE[["width"]],

rev(Land + bandKDE[["width"]])), col = "pink", lwd = 1.5,

border = NA)
lines(tseq, Land)
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R I{7|X| TDA= persistence landscapel| RAEEH
AT AL CH

E[pn]2 (1 — «) '7='c__ Ale|m (bootstrap confidence band)7}
persistent homology2| & é.' c2|h2 AMEE L T
Sample X 500 samples
o _
0 8
S £
o & 8
o L o
i B
(=}
S g
N e e S T T T 1
-1.0 00 05 1.0 000 010 020

(Birth+Death)/2
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